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Structural operational semantics ([34]) is a cornerstone of the theory of programming languages: by
deriving the dynamics of a system from inference rules that follow the structure of its syntax, it offers
a perspective on operational behaviour that is inherently compositional—the behaviour of a composite
system ought to be a function of the behaviour of its components.

Turi and Plotkin’s bialgebraic semantics (abstract GSOS) ([37, 27]) grounds structural operational
semantics in category theory. Syntax is modelled as the algebra Ty of terms over a signature X, dynamics
as a functor .# fixing the transition type, (wWhose coalgebras X — % (X) are the transition systems of
interest), and a semantic specification as a certain kind of distributive law between syntax and dynamics.
Any such specification induces a coalgebra : Ty — .#(Tx), capturing the operational semantics on
terms, while the final coalgebra Q provides the denotational universe; the unique coalgebra morphism
[-] assigns to each term its behaviour:
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Crucially, the square lives in a category of algebras: [-]] is automatically a homomorphism, bisimilarity

is a congruence, and compositionality of the semantics comes “for free”. Syntactic rule formats guaran-
teeing these properties, such as De Simone’s ([18]]) and GSOS ([2]]), arise as concrete presentations of
distributive laws.

In the last few decades, string diagrams ([35} 33]]) have emerged as a family of formal languages
supporting algebraic reasoning about resource-sensitive systems and graphical formalisms, such as the
circuits and networks found in quantum theory ([16} [15]]), control theory ([13]), digital ([22]]) and elec-
trical ([[7, 13]) circuit theory, concurrency theory ([5]), probabilistic computation ([20} (14} 25 ?,28]]) and
machine learning ([17]). What makes string diagrams appealing is their dual nature: like graphical mod-
els, they may be studied as combinatorial objects, with nodes and wires; like programming languages,
they are a fully formal, two-dimensional syntax, whose terms are built from elementary components via
sequential (;) and parallel () composition, and identified up to the laws of symmetric monoidal cat-
egories. Rule-based definitions of the operational behaviour of string diagrammatic languages appear
throughout this line of research—for instance, in the algebra of Span(Graph) ([26]), tile logic ([21]]), the
wire calculus ([36]), and the diagrammatic calculi of signal flow graphs and Petri nets ([S]]). However,
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2 Structural Operational Semantics for String Diagrammatic Languages

each of these examples was introduced on a case-by-case basis, in the absence of a general theory of
operational semantics for diagrammatic languages.

Our works [8, 6] establish a bialgebraic perspective on string diagrams, endowing them with a struc-
tural operational semantics in the sense of Turi and Plotkin, and thereby providing a uniform foundation
for these operational definitions. Adapting such a framework to string diagrams requires some technical
work. The term-forming operations of string diagrams (sequential and parallel composition) are typed
by the number of dangling wires on the left and right of the diagrams involved: syntax thus lives over
sorted signatures—spans N <— ¥ — N recording the two numbers for each generator in ¥—rather than
sets. Moreover, since string diagrams are terms modulo the laws of symmetric monoidal categories, the
algebra of diagrams is not a free monad but a quotient thereof, whose algebras are precisely the sym-
metric strict monoidal categories with the natural numbers as objects (also called props, see [29]). The
distributive law giving a semantic specification must be quotiented as well. The end result is a discipline
for specifying transition rules for the generators of a monoidal signature which guarantees, for every
specification:

Well-definedness the transition relation is invariant under these laws, hence lives on string diagrams
rather than terms;

Congruence bisimilarity is preserved by string diagrammatic operations (in particular, ; and ®);

Compositionality the denotational map [-] is a homomorphism with respect to the two compositions:
e d] = [[e]}; [d] and [[e @ d]] = [e] @ [4].

The same approach adapts to string diagrams for richer monoidal structures, such as hypergraph cat-

egories; interestingly, it does not extend to cartesian categories, where copying is incompatible with

nondeterministic behaviour, as we discuss below.

As a proof of concept, the framework is instantiated on a versatile diagrammatic language Circg,
called the resource calculus ([9} [L1} [5]]). Circr is parametrised by a semiring R: when R is a field, its
diagrams model signal flow graphs, the circuits of linear time-invariant dynamical systems ([10} [1]);
when R = N, the same syntax and rules yield a compositional account of Petri nets ([5]]). Figure[I]shows
the resulting operational semantics at work. A transition ¢ ? d means that ¢ may evolve to d while

the values a are observed on the dangling wires on the left boundary of ¢, and b on those on the right:

for instance, the register acts as a one-place buffer, emitting its content and storing the value it
receives. The displayed run concerns the signal flow graph fib; ;, which transforms the input stream
1000... into the stream 12358 ... of Fibonacci numbers.

Moreover, the framework reveals which further equations on diagrams are compatible with an opera-
tional specification. Diagrammatic calculi typically identify diagrams up to additional equations, notably
those of special Frobenius bimonoids, whose diagrams form hypergraph categories ([19, 4]]). The cal-
culus Circg has two such structures, a ‘black’ and a ‘white’ one: the black rules preserve the Frobenius
equations over every semiring, whereas the white ones—read as addition—preserve them precisely when
the labels form an Abelian group ([32]), matching the known equational theories of Circg over R ([11]))
and over N ([5]). By contrast, the copying and discarding equations characterising cartesian syntax
(Lawvere theories) ([24, [12]) are incompatible with the framework: nondeterministic behaviour can-
not be copied—a single copied process resolves its choices once, while two independent copies choose
independently—so the two sides of the copying law are not even trace equivalent.

A concluding observation ties the framework back to classical process calculi: the two operational
readings of the Frobenius structure provide exactly the two classical synchronisation mechanisms. Con-
sider the translation of a minimal calculus of communicating processes into string diagrams, in which
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Figure 1: First two rows: operational semantics of Circr, with transition axioms for the generators and
structural rules for the two compositions; k,[ range over R, the words a, b, c over R*, and € is the empty
word. The generators of Circg not displayed are mirror images of those in the first row, with symmetric
axioms; identities and symmetries admit the expected transitions. Last row: the signal flow graph fiby |,
whose registers store the values k and /, and a run computing the Fibonacci sequence.

wires play the role of names: parallel composition shares names through the Frobenius comultiplication,
and restriction caps the hidden wire. Under the black reading, all wires around a node must carry the
same value: this yields synchronisation a la Hoare, as in CSP ([23]). Under the white reading, the values
around a node add up, so that a send and a receive cancel out: this yields the handshake a la Milner of
CCS and SCCS ([30, [31]]). Therefore, the diagrammatic perspective reveals that the two classical syn-
chronisation patterns are exactly the two operational readings of the same wiring structure, distinguished
only by whether labels form an Abelian group.
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