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Recently, sequential value passing was used to prove a process-theoretic generalisation of the clas-
sical theorem of the correspondence of pushdown automata and context-free grammars. We correct
the proof, further simplify the sequential value passing process algebra used, and provide a sound
and ground-complete axiomatisation of this process algebra.

1 Introduction

In [6], context-free grammars are interpreted in the process theoretic setting as recursive process specifi-
cations over the process algebra TSP (Theory of Sequential Processes), and the classical correspondence
between context-free grammars and pushdown automata is considered in bisimulation semantics. It is
found that recursive TSP processes and pushdown automata have incomparable expressive power in
bisimulation semantics; there are recursive TSP processes that are not bisimilar to any pushdown au-
tomaton, and likewise there are pushdown automata that are not bisimilar to any recursive TSP process.
By replacing the sequential composition operator of TSP with the sequencing operator, we get the theory
TSP:, and the expressive power of TSP is reduced such that every TSP: process is bisimilar to some
pushdown automaton [8]. To recover the full correspondence, the authors of [4] find that TSP’ needs to
be extended with a notion of state awareness. This is incorporated using a data transferring mechanism
known as ‘sequential value passing.’

The variant of sequential value passing introduced in [4] uses a two-sorted syntax for describing pro-
cesses. Determining the data state of a process required reasoning over propositional logic and defining
an ‘effect function’ over actions. Moreover, the correspondence proof itself required an additional as-
sumption about this effect function. The authors present a simplification in [7] that does away with these
complexities. We find in [10] that the theory in [7] lacks certain properties, such as the associativity of
sequencing [10]. Moreover, it uses almost twice as many operational rules compared to [4].

In this paper, we present the Theory of Sequential Value Passing, TSVP, together with a sound and
ground-complete axiomatisation. TSVP combines the beneficial aspects of both of the previous theories
whilst using fewer operational rules. We re-establish the correspondence with pushdown automata. Im-
portantly, we are unable to prove that TSVP processes and pushdown automata are equally expressive in
bisimulation semantics, despite the constructions we use being similar to the ones in [4, 7]. We resort
to branching bisimilarity, which abstracts from internal behaviour (7-steps). Our constructions use 7-
transitions to abstract from subtle differences between the semantics of TSVP processes and pushdown
automata. These differences are not considered in the constructions in [4, 7].

Outline. In Section 2, we introduce the notions necessary to formalise a process-theoretic version of the
classical correspondence between context-free grammars and pushdown automata, including the process
algebra TSP>. In Section 3, we extend TSP’ with sequential value passing using a different approach
to [4, 7]. In Section 4 we provide a sound and ground-complete axiomatisation of TSVP. Lastly, we
repair the correspondence proof in Section 5, and conclude in Section 6. Proofs are in the appendix.
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2 Sequential Value Passing

2 Preliminaries

We use a labelled transition system as a common semantic framework.
Definition 1. A transition system space is a 4-tuple (S, <7, —,]), where
1. Sis a set of states;
2. &/ is a set of actions; T € & is the invisible action;
3. - CSx & xSisan o/-labelled transition relation; and
4. | C Sis the set of final or accepting states.

A labelled transition system (LTS) is a transition system space equipped with a designated root or initial
state.

The transition relation is written infix and acceptance is written postfix, i.e. we write p — ¢ and pJ
for (p,a,q) € — and p € |, respectively. Additionally, we write p 25 iff there exists some ¢ € S such that
p 5 g, and p — iff there exists some a € <7 such that p <. Lastly, we write p <, p -, and p/ for the
negation of p %, p —, and pJ, respectively.

An equivalence defined on states of an LTS is extended to LTSs in the usual way: LTSs L and L' are
equivalent iff in the disjoint union of L and L’, their initial states are equivalent. Whereas the classical
correspondence between CFGs and PDAs uses language equivalence, the de facto standard equivalence
in process theory is (strong) bisimilarity.

Definition 2. A symmetric binary relation & on S is a bisimulation iff for all pZq and a € o7
1. if p 5 p/ for some p’ € S, then there exists ¢’ € S such that ¢ = ¢’ and p'%q’; and
2. if p| then ¢|.
We say that p is bisimilar to g, or p > q, if and only if there exists a bisimulation, %, such that pZgq.

We use the acceptance by final state notion of a pushdown automaton rather than the acceptance by
empty stack notion. Classically, these interpretations are equally expressive, but in our context the final
state interpretation is more expressive [5].

Definition 3. A pushdown automaton (PDA) M = (S, </, Dy, —,1,]) is a sextuple where:
S is a finite set of states;

&/ is a finite input alphabet; T € o/ is the invisible action;

P s a finite data alphabet;

— CSx A x (DIyU{e}) x Ty, x S is a finite set of transitions or steps;

1 € S is the initial state; and

AU e

J C S is the set of final or accepting states.

. 9 . . .
We write p M qif (p,a,8,x,q) € —. If § # ¢, then this has the meaning ‘p can pop &, consume

input symbol a, and push x to transition to ¢’. If & = ¢, then the meaning is ‘if the stack is empty, then
p can consume input symbol a, and push x to transition to g’. We associate an LTS with a PDA by
considering the underlying transition relation that defines its language.

Definition 4. Let M = (S,./, Zy,—,1,!) be a pushdown automaton. The LTS associated with M is
L(M) = (Sem), = 2m)+ 2), T 2)) defined as follows:
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1. Sg(M) ={(s,x)|seSAx € Z;};

2. = ) € Som) X F XS4 is the least relation such that for all 5,5" € ., a € &7, d € Dy, and
x,x' € Iy, we have

o (5,dx) = 2 (t,x'x) if, and only if, s LL/LAN t;

ale/x]

e (s,€) i>$(M) (t,x) if, and only if, s —— t;

3. Lo =1{(s,x)[s € JAx € Zy}; and
4. Teon= (1€).

An LTS associated with a pushdown automaton is called a pushdown process (PDP).

We now present the process algebra TSP’ [8], which we extend in the next section. TSP’ has the
parameter <7, the set of possible actions, and the parameter &2, a finite set of process identifiers. The set
of TSP: expressions is generated by the following grammar (a € <7, X € ).

p=0|1|ap|[p+p|pip|X

A recursive specification is a mapping A from & to the set of process expressions. We typically think of

A as a set of defining equations, writing X def p rather than A(X) = p.

To reduce the number of parentheses when writing TSP> expressions we use the rule that action
prefix (a.p) binds strongest, and alternative composition (p + p) binds weakest. For example, a.1 4 5.0
represents (a.1) + (».0), and not a.(1 +5.0).

The semantics of TSP is defined by means of structural operational semantics using a unary accep-
tance predicate | (written postfix) and, for each a € 27, a binary transition relation % (written infix).
The operational rules of the transition system specification in Table 1 should be read as follows: if the
predicates above the line are derivable for a given substitution, then the conclusion(s) below the line are
derivable for the same substitution. The negative premise, x -, holds iff there is no a € </ and TSP’
expression x’ for which x < x’ is derivable.

Table 1: Operational rules for TSP:.

_ AP1
1) Tl axx
a
X=X x|
AC1
x+y->5x y+x5x x+yl y+xl AC2
a x} x 5y
x;nc S1 4 _’L)a y—=y S x} oyl $3
xy = x5y xy =y Xyl
a def def
x—>an—xRECl x| X_XRECZ
X —x X!

The transition system specification associates a transition system space with TSP’ as follows:

* the set of states consists of all TSP’ process expressions;
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* the transition relation consists of exactly those transitions that are derivable using the operational
rules; and

* likewise, the set of accepting states consists of exactly the states for which acceptance is derivable
using the operational rules.

The LTS associated with a TSP> process expression p is the fragment of the TSP’ transition system space
reachable from p, with p designated as the root state.

The _;_ symbol represents sequencing. For p = py1; p2;...; p, (sequencing is associative) we call p;
the head of p and p»;...;p, the tail of p. The semantics of sequencing are like that of the sequential
composition in TSP, with the exception that the semantics for sequential composition do not require the
x — premise in the rule S2. For this reason, it is useful to make the distinction between a terminating
process and an accepting process. Whereas the notion of ‘terminating’ is typically synonymous with
‘accepting,” we now say that a process is terminating iff it is accepting and cannot execute any actions.

It is well-known that the existence of negative premises such as x — in a transition system specifica-
tion means the transition system specification may not define a unique transition relation that agrees with
provability. Fortunately, TSP is stratifiable, and as a consequence, this is not the case [9]. The extended
theory, TSVP, is also stratifiable using a stratification similar to the one shown in [10]. Further details
about stratifiability are beyond the scope of this paper. As usual, we must restrict our scope to guarded
recursive specifications: a process expression is guarded if occurrence of a process identifier is within the
scope of an action prefix, and a recursive specification is guarded if each defining equation is guarded.

3 Theory of Sequential Value Passing

We now extend TSP with a notion of data, using an approach similar to the one in [7]. For our notion
of data, we use artributes, which range over a finite data set, &, a parameter of the theory. To assign
attributes to processes, we add the unary attribute assignment operator, d’»_, to the syntax of the theory,
one for each d € Z. It has the intuitive meaning that d’*p behaves as the process p with assigned attribute
d. For example, the process d/*a.l represents the process with attribute d that admits an a-transition to
an accepting state. After the a-transition, the process loses the attribute.

Next, to introduce conditional behaviour, we add the unary guarded command operator, 8 :— _, to
the syntax of the theory, one for each 6 € ZU{©}. We use the symbol © to express the absence of
an attribute, and write 7 to denote Z U {©}. The process  :— p intuitively describes the process
that behaves as p upon being assigned attribute § and that otherwise exhibits no behaviour. So d:—a.1
describes a process that may execute an a-transition to an accepting state upon being assigned attribute d,
and is otherwise deadlocked. We allow © as a guard, in order to describe behaviour that is only possible
in the absence of an attribute.

The operational rules use the following auxiliary predicates:

* There is a consistency predicate, 4’0 for each 0 € Z. For a process p, p € d has the meaning ‘p
is consistent and has attribute value 8, or if § = ©, then the meaning is ‘p is consistent and has
no attribute value.” We say p is consistent and write p € iff p ¢’ 0 for some § € 9, and otherwise
say p is inconsistent.

. .. .. . d, d,
« There is a conditional transition relation, —= for each § € De,a € o/. Then p 24 g has the
meaning ‘if p has attribute §, then it can execute an a transition and proceed as ¢.’

* Likewise, there is a conditional acceptance predicate, % for each 6 € Z-. Then p5¢ has the
meaning ‘if p has attribute 9, then it is accepting.’
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Additionally, we write p % iff there exists some TSVP expression g such that p ﬂ g, and p i> iff
there exists some a € &/ such that p % Lastly, we write p Eﬁn p ff'—>, and p5 A for the negation of
p &, p i>, and pai, respectively.

The predicates 24 and ©] describe conditional behaviour that is only possible in the absence of an

attribute value. The concrete behaviour | and % that defines the TSVP transition system space is derived
using the operational rules in Table 2.

Table 2: Operational rules for concrete behaviour.

5,{1 / 3
x—>xa x€06 o1 x°] x€8 o0
x—x xl

No other operational rules can be used to conclude p < p’ or pJ. This means that we disregard all
the rules in Table 1. Instead, we obtain the rules in Table 3 by taking each rule in Table 1, adding a
consistency premise, and replacing each — and | with its conditional variant. The conditional variant of

. 5, . . . . R . .
x - is x -, which holds iff there is no a,x’ for which x 24 is derivable.

Table 3: Conditional semantics of TSP’ operators.

ax% x%
g T1 SIS AP
1°] ax —x
x 28y x+ye¢ J @
ACI LR 2 A
d,a / d,a / 1) S
X+ty—x yt+tx—ux x+y°) y+x°
PR xyE X0 x yﬁyl xyC %L Yl xy¥
— 7 91 S2 ’ S3
" d,a . . 8a .0
vy — x5y Xy —Yy xy°)
da def Fy def
x—x X=x XCKREC] x°l X=x X%REC2
Sa [
X —x X%

The operational rules for attribute assignment and guarded command are given in Table 4.

The operational rules for consistency are given in Table 5. These are such that each consistent process
has at most one attribute value. The operational rule SO for the consistency of a sequencing p; g requires
that the right-hand side argument of the sequencing does not have an attribute value. This way, if p;q is
consistent and p can reach some state p’, then also p’;q is consistent. As a consequence, we use fewer
operational rules for consistency in comparison to [7], and achieve the same result.

The operational rules in Tables 2 to 5 are all the operational rules of TSVP. The following proposi-
tions verify that a consistent process expression has at most one attribute, and only consistent processes
exhibit any form of behaviour.

Proposition 1. Let p be some process expression. There exists at most one 8 € & such that p€’$.
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Table 4: Conditional semantics of attribute assignment and guarded command.

da A
x—x dnx€ AA

da .
x—x 6:=x¥€ Gl

S,a 1 d.a
dnx —x O:—x—x
X% dmx¥ X%l §:5x%
ST AA2 2t G
dnx®] 0:—x°]

Table 5: Operational rules for consistency.

075 70 170 TO
s s s A0
W SO % RECO
xcgédmi;iad} AAQ X%g:lf‘;zﬁ} G0

o . . 3,
Proposition 2. Let p and g be process expressions. If for some & € 9, and a € <7 it holds that p 24 q,
[
pai, or g =2 p, then p.

We note that some operational rules here can be simplified. For example, the 1 4" and a.x ¢ premises
in operational rules T1 and AP1 are superfluous due to the operational rules TO and AP0, and the x;y %
premise in rules S1-S3 can be reduced to y 'S by Proposition 2. We chose not to do so, in order to keep
the presentation of operational rules consistent.

Example 1. We illustrate the notion of ‘sequential value passing’ with a coin toss game that is won if
the result of the coin toss is heads. Consider the following process expressions:

Toss = toss.h/sa1 + toss.t/s1

Result = A:— win.1 47 :—1ose.0

The transition system associated with the process Toss;Result is shown in Figure 1. For illustrative
purposes, the states are annotated with the attribute value of the underlying expression. We emphasise

that the attribute values are not part of the LTS structure.
toss

It is quite straightforward to prove that Toss;Result —> (h/+1);Result. Then, h/s1"| and bl N
Since h/s1 €'h, it holds that 441 is terminating by O1 and O2, and moreover (h/21);Result €’h by SO.

Therefore, S2 and O1 derive (h/41);Result ﬂ 1. Essentially, the attribute value of a terminating head
is passed to the tail of the sequencing. It ends up being that (4/*1);Result behaves the same as h/*Result,
and this property is known as ‘sequential value passing.’
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lose

Figure 1: Coin toss example with an added winning condition. A double circle such as the one after the
‘win’ transition denotes an accepting state.

Proposition 3. Bisimilarity is not a congruence for TSVP.

Proof. Consider the process Result from the previous example. Note that (h/1);Result W—in>, whereas

(#/21);Result 8, . Hence, the two processes are not bisimilar, even though %1 <> ¢/41, O

Bisimilarity is not a congruence for TSVP because it does not capture the change in behaviour re-
sulting from the assignment of attributes. This is common for process algebras with a notion of data, so
the authors of [14] provide a number of equivalences to remedy this. We find that the notion of stateless
bisimilarity serves as a congruence for TSVP, however we must adapt the definition given in [14] as it is
for process algebras with a two-sorted syntax such as the one in [4]. We arrive at the following definition.

Definition 5. A symmetric binary relation % on TSVP terms is a stateless bisimulation if for each
0 € D-,a € o/, and TSVP term p’, whenever p#q then:

1. p%€d implies ¢ €'5;
2. p LA p’ implies there exists a TSVP term ¢’ such that g 24, ¢ and p'%q'; and

3. p®| implies ¢° .
We say that p is stateless bisimilar to g, or p < q, if and only if there exists a stateless bisimulation, %,
such that p#gq.

Proposition 4. Stateless bisimilarity is finer than bisimilarity, and it is a congruence for TSVP. More-
over, < is a stateless bisimulation.

The idea of using the operational rules in Table 2 (and only those rules) to define the TSVP transition
system space brings about many benefits compared to the theory in [7]. In short, it reduces the number
of operational rules required, and it means we do not need to introduce any extra operational rules for
the function symbols of TSP, i.e. the rules in Table 1 correspond one-to-one to the rules in Table 3. It
also provides a clear workflow for deriving the concrete behaviour of a TSVP process: first determine
its attribute value, and then the conditional behaviour w.r.t. that attribute. As we show in the following
example, this together with the ability to describe behaviour conditioned on the absence of an attribute
is what leads to sequencing being associative in TSVP, whereas it was not in [7].

Example 2. Consider the following process expressions, withd € 2,8 € P
p=0on1
g=14d:—a0
r=>0.0
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We will consider the processes p;(g;r) and (p;q);r. It turns out that, due to sequential value passing,
we may simply consider the equivalent processes 6/4(q;r) and (6/4g);r. This is formalised in the next
section, and is also valid for the theory in [7].

First, consider (6/4g);r. It holds that (6/4q);r Ly iff & # d. This is because, if § = d, the attribute
0 allows the a-transition of ¢, thereby disabling the b-transition of r since /4¢ is not terminating. The
theory in [7] agrees on this.

Next, consider §/%(g; r). In both theories, it holds that g; r 2, For the theory in [7], a transition of the
form 2 is viewed as unconditional, meaning that this transition is propagated to 6/4(g; r), i.e. 0/%(gq;r) LA
regardless of the value of 8. However, for sequencing to be associative, we require 8/4(q; r) by iff § #d.
This can be expressed in TSVP semantics since g; r P forall = d. This is not applicable to the theory

. . . o,b . » N

in [7], since there is no —— predicate. In other words, TSVP can express the condition for disabling an
action, whereas the theory in [7] cannot since it can only express unconditional actions, and conditions
for enabling an action.

For more details, the reader may consult [10]. There, an alternative semantics is considered where
g;r cannot execute this b-action due to the presence of the conditional a-action. However, a ‘dual’
counter-example shows that sequencing remains not associative.

4 Equational Theory

We now consider the equational theory of the recursion-free fragment of TSVP. We use a countably
infinite set of variables, ¥/, to express equational properties. The set of TSVP terms is generated by the
following grammar (a € &7 ,d € 9,6 € Do, x € V):

tx=0|1at|t+r|dnt|§:—t

1t x

Note that a process expression, as considered in the previous section, does not contain variables, whereas
here, a term may contain variables. A term without variables is also called a closed term. A closed
substitution is a mapping o from variables to closed terms. If ¢ is a TSVP term and o is a closed
substitution, then by () we denote the process expression obtained by replacing every occurrence of a
variable x in ¢ by o(x).

Equational reasoning allows us to reason over TSVP expressions syntactically rather than seman-
tically. We see the usefulness in the next section, where we use equational reasoning to establish the
correspondence between TSVP processes and pushdown automata. Thus, we seek a set of equations,
called an axiomatisation, that allows us to derive all valid stateless bisimilarities between TSVP pro-
cesses, and only those that are valid.

Definition 6 (Soundness and Ground-completeness). Let7,u be TSVP terms. An equation ¢t = u is sound
iff for all closed substitutions o, it holds that o (t) > &(u).

A set E of equations is ground-complete iff for all TSVP process expressions p, g, it holds that p<; g
implies p = g is derivable using the equations in E and the rules of equational logic.

Much like TSP’, we find that TSVP is not finitely axiomatisable, for the same reasons as shown
in [9]. The authors of [9] introduce an auxiliary non-acceptance operator to the syntax of of TSP’ in
order to obtain a finite axiomatisation. The operational rules for this operator are shown in Table 6,
adapted slightly to account for the introduction of attributes and conditionals.
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Table 6: Operational rules for non-acceptance in TSVP.

da
NA(x)E
X8\ o T . (% Al
NA(x) €8 NA(x) 2% ¥/

Intuitively, NA(p) describes a process that behaves like p, except without (conditional) acceptance.
Note that NA(p) may transition into an accepting state, but NA(p) itself is not accepting.

In order to finitely axiomatise TSVP, we also introduce the consistency assertion operator, €g(_) for
each 6 € 2. Intuitively, €5(p) behaves as p if p €', and otherwise it behaves like the deadlock state
with attribute . The operational rules for consistency assertion are found in Table 7. We conjecture that
this operator is necessary in order to finitely axiomatise TSVP. We also use the constant L, with no op-
erational rules, to express the inconsistent process. Note that by Proposition 2, all inconsistent processes
are in the same stateless bisimilarity equivalence class. Therefore, | is used out of convenience rather
than necessity, as all instances of | in an axiomatisation may be replaced by some other inconsistent
process.

Table 7: Operational rules for consistency assertion in TSVP.

da
x—x x€y 1 L xey
Co 5 T 81

[ a s C2
Cy(x)Cy Cy(x) — x Cy(x)°]

We now present a finite, sound and ground-complete axiomatisation of TSVP. We use the following
notation:

e O/x denotes x.

0 _ +1 _
* Y. ,;xi=0and 2?21 Xi = Yy Xi+ Xng 1.

* Yscoxs =0and YscieyugrXs = Lscar X5 +Xe.
* 9':—xwith 2' C 9 denotes Y sc g 6 :— x.

The order of summation is unimportant since alternative composition is commutative and associative.
First, consider the axioms in Table 8. These are generalisations of the axioms for TSP’ [9]. The
changes are as follows:

* Axioms A7, A9 (which describes sequential value passing), and A10 now include an attribute
assignment and an assertion that the tail has no attribute value. The assertion is necessary because
p;q may be inconsistent even though p and ¢ themselves are both consistent. For example, Axiom
A7 does not apply to the inconsistent process p = 0; (d/s1), since the right-hand side of the axiom
is necessarily consistent, but p is inconsistent. The attribute assignment is used to generalise the
original axioms, which may be recovered by taking 6 = ©.

e Axiom A12 describes how acceptance in the head of a sequencing may distribute if the head
of the sequencing can execute a transition. This is coded by the a.€5(x) summand. In TSP,
the consistency assertion is not needed, since a.x — x always holds, but now we require that
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x is consistent. Axiom Al12 was originally two separate axioms in [9], one where the tail has
acceptance, and one where it does not. The two axioms collapse into one, since the latter may be
expressed by taking 2" = 0.

We note that Axiom A4 is missing. This TSP axiom expressed the left-distributivity of sequential com-
position over alternative composition. It is not sound in TSP> (or TSVP), where it is replaced by Axiom
All.

Table 8: TSVP axioms that generalise TSP* axioms (a € &7, 0 € D).

x+y=y+x Al (x+y)+z=x+({+z) A2
X+x=x A3 (xy)iz=x(v;2) A5
x+0=x A6 (0/0); %65 (x) = 610 A7

xl=x A8 (0/1);%5(x) = 6% (x) A9

(6/a.x);65(y) = 0Ma.(x;65(y)) AlL0  NA(x+y);z=NA(x);z+NA(y);z All
(a.Cs5(x)+y+1);(NA(z) + Z':— 1) = (a.€5(x) +y); (NA(z2) + 2" :—= 1)+ 2':—1  Al2

The axioms in Table 9 are for the newly added operators of TSVP, the most notable of which are
Axioms G5 and G7. Axiom G5 expresses that unconditional behaviour is the same as conditional be-
haviour that can be executed under any condition. Axiom G7 is similar to Axiom A1l in the sense that
it is a special case of distributivity. It shows that conditional behaviour can be separated.

Table 9: TSVP axioms for attribute assignment and guarded command (d € Z,0 € Z5).

6:—-0=0 Gl 6= (x+y)=(6:—x)+(6:—y) G2
0:—(0:—=x)=8:—>x G3 §:—(e:—>%-(x))=0 (6 #¢) G4
Do —Co(x) =65(x) G5 0:—(0Mx) =6:—x G6
(Zye@;—;. 73_”5]/) Y= Zye_@(; Y — (XY;Y) G7
OM(x+y)=(84x)+y S1

dn(disx)=dnx  S2 da(8:sCa(x) =dn0  (d#9) S3

Lemma 1. Let ', 9" C 9. The following equations are derivable using the axioms in Table 9:

D —sx+D —wx=9'"0UD" —x
D (9" —C-(x)=2'"ND" . —C-(x)

Lastly, the axioms in Table 10 are the axioms for auxiliary operators. These can be used to determine
if a process is non-accepting, the attribute value of a process, and the inconsistency of a process.

To show that the set of axioms in Tables 8 to 10 is ground-complete, we use a standard technique as
detailed in [2]. We establish a head normal form for TSVP, a standard format for process expressions
with reduced syntactic complexity. We show that each process expression is derivably equal to some
process expression in head normal form, and then show that two stateless bisimilar processes in head
normal form are syntactically equal up to some minor differences.
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Table 10: Axioms for auxiliary operators of TSVP (a € o7 ,d,e € 9,8,€ € D).

NA(0) =0 NAl NA(1)=0 NA2
NA(a.x) =a.x NA3 NA(x+y) =NA(x)+NA(y)  NA4
NA(d’x) = dANA(x)  NAS NA(d:—x) = d :— NA(x) NA6
©.(0) = cl % (1) =1 2
o(ax) =ax C3  6o(%5(x) +%5(y) = Co(x) + 6o (v) C4
Ca(d™E5 (x)) = dE (x) G5 Co(8:=%(x) = 6:>%(x) C6
C5(C5(x): 65 (y) = Cs(x):2=(y) €T ©5(Ce(x)) =06n0  (6#¢) C8
a.l=0 Bl x+1l=1 B2 anl =1 B3
dn(enx) =L (d#e) B4 d:—»1=1 BS Lix=1 B6
X (dny) = L B7 NA(L)=1 B8 %s(L)=0840 B9

Definition 7 (Head Normal Form). We say a TSVP process, p, is in Head Normal Form (HNF) iff it is
of the form:

p=1 or

p= y“( Z ) :—>p5) with each pg of the form
62

ps = Y, ai%e(pi) [+1]
i=1
where n € N a; € o7, €,y € P, each p; is a TSVP process, and [+1] denoting an optional 1 summand.
If p # L, then ¥ is its attribute value. The acceptance condition of p is the set 1[p] C P containing
0 € 9 iff pgs has a 1 summand.

The definition for head normal form contains some redundancy. If p # | and y # &, then the guards
may be simplified in accordance with Axioms S2, S3, G1, and A6. We define the head normal form this
way to facilitate the use of Axiom G7. When a process is in head normal form, one may easily determine
its (in)consistency and the conditions for acceptance, as follows.

Lemma 2. Let p # L be in HNF, and let Y € D, be its attribute value. Then p = €y(p) is derivable
using equational logic and the axioms of TSVP.

Lemma 3. Let p # | be in HNF. Then p = NA(p) + 1[p]:— 1 is derivable using equational logic and
the axioms of TSVP.

With these properties established, we now show that each TSVP process expression can be brought
to normal form.

Proposition 5. Every guarded TSVP process p is derivably equal to some expression in HNF using
equational logic and the axioms of TSVP.

The HNF allows us to prove some additional axioms, as well as ground-completeness.

Lemma 4. The following equations are derivable using the axioms in Tables 8 to 10:

6/4(x;y) = (6/4x)sy
0: = (x;y) = (6:—x);y

Theorem 1. Let p,q be recursion-free TSVP processes such that p < q. Then p = q is derivable using
the axioms in Tables 8 to 10.
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5 Correspondence

We now provide the process-theoretic generalization of the classical correspondence between pushdown
automata and context-free grammars. That is, we show that each LTS associated with a pushdown
automaton is branching bisimilar to some LTS associated with a TSVP process, and vice-versa. We
cannot use strong bisimilarity because the constructions used require 7-transitions in order to abstract
from the semantic differences between the two models. We justify the necessity of these T-transitions
with examples where relevant. To define branching bisimilarity, we use — for the reflexive, transitive

closure of 5, andwritepﬂqiffp@qora:T/\p:q.

Definition 8. A branching bisimulation is a symmetric relation Z C S x S, such that whenever pZgq,
then for all @ € o7

1. if p % p/ for some p’ € S, then there exists ¢’,¢” € S such that g — ¢’ 10N q", p%#q and p'%q",;
and

2. if p|, then there exists ¢’ € S such that g — ¢', pZq’ and ¢'|..
We say p and g are branching bisimilar (written p <, @), iff such a relation & exists and pZgq.

Much like the classical correspondence between CFGs and PDAs, we require a notion of Greibach
Normal Form for the process-theoretic correspondence between TSVP processes and PDPs. For a se-
quence o € &%, we write &' to denote the process 1 if & = ¢ and X; BT if o« = X8 for some € &7* and
X € &. We omit the { superscript when the distinction between the sequence and the associated process
expression is clear. Note that by Axiom A8, it is unimportant that for the singleton sequence X € 2, X
denotes X; 1 rather than the process X.

Definition 9 (Value Passing Greibach Normal Form). A process identifier X is in Value Passing Greibach
Normal Form (VPGNF) iff its defining equation is of the form:

def
X = Z 5[ —a.gMha+1:—1
i=1

with each o; a sequence of process identifiers in VPGNEF, and 1 C Z. We say a recursive specification
A is in VPGNF iff each of its identifiers is in VPGNF.

We note that not every guarded specification can be transformed into VPGNF whilst preserving
stateless bisimilarity. In fact, we can obtain a specification with a stateless bisimilar initial identifier,
where every identifier is in VPGNE, except the initial one. The initial identifier is either of the form L,
or yX with X in VPGNF. Note that X is strong bisimilar to some expression in VPGNF, which can
be obtained by resolving the guards in X. For example:

ds(d:—a0+5:-b0)=S:—a0
Moreover, L is strongly bisimilar to 0, which is in VPGNF. Hence, note that the following proposition

uses strong bisimilarity.

Proposition 6. For every guarded recursive specification A with initial identifier X4, there exists a recur-
sive specification A’ in VPGNF with initial identifier X{ such that Xy < X;.

The following lemma yields that each state p of a VPGNF process is bisimilar to some y”*c, where
Y€ 9 and a € . The reason we do not describe the exact form of p is because there are many
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equivalent ways of writing a sequencing, and p can take on any of these forms. For example, the se-
quencing X; (Y;Z) is bisimilar to (X;Y);Z, X;((1;Y);Z), 1;(1;(X;(Y;Z))), and so on. Since we do not
wish to consider these details, the correspondence proofs use a type of branching bisimulation known as
a branching bisimulation up-to strong bisimilarity [11, 15]. We simplify the figures used in examples by
merging these states and simply writing XY Z.

Lemma 5. Let o« € 2" be a non-empty sequence of process identifiers in VPGNFE, and let y € 9. If
there exists some a € </ and TSVP process p' such that ysa % p', then there exists X € 2, 0" €
P*.B e P, and € € D, such that:

ca=ad"Xd,

e Y'Land Y % for each identifier Y in ", and

e X % enB and p' > enBor.

We use the following notation, where x is a sequence over an arbitrary domain X, and « is a sequence
of process identifiers:

* ¥ denotes € if x = e and d if x = dx’ with d € X,x € X*.

e X denotes € if x = € and X’ if x = dx’ with d € X,x' € X*.

e 1[o] denotes the set {y € Z | a?]}, known as the acceptance condition of .

Since 1[a] = 1[a]N1[B] for at, B € Z7*, and the acceptance condition of a process identifier in VPGNF
can be determined from its defining equation, one can easily compute the acceptance condition for any
sequence of identifiers in VPGNF.

5.1 Pushdown Processes as TSVP Processes

In this subsection, we show for a PDA M = (S, <7, Py, —,T,]), how to construct a TSVP specification
A in VPGNF with initial identifier / such that .Z (M) <», I. By Definition 4, each state of a PDP is of
the form (s,x), and by Lemma 5 each state of the TSVP process is of the form y4c. Since s and ¥ are
elements of a finite set, and x and o are both sequences, the idea in [4] is for the constructed TSVP
process to have the following properties:

1. the set of attributes & equals S,

2. there is a process identifier X for each & € 7, U {e},

s . §/x
3. X5 2 Xy iff s M t, and

4. a state (s,d;...d,) of £ (M) is branching bisimilar to the state s4X,, ... X, X, of the resulting
TSVP process.

There are a few semantics differences between PDPs and VPGNF processes that need to be overcome
for this idea to work. The first, which was realised in [4], is about acceptance. By Definition 4, a state
(s,di...d,) of £ (M) is accepting iff s € |, whereas by operational rules AA2 and S3, 54Xy, ... Xz X is
accepting iff s € 1[Xy, ... Xy Xc]. Thus, every process identifier X € # in the constructed TSVP process
has a #:— 1 summand for each z € |. This way, 1[X| = |, and consequently 1[Xy, ...X; X| = |.

The second difference is with how the transition relations are determined. By Definition 4, the tran-
sitions available from (s,d; ...d,) are determined entirely by s and d;. On the other hand, by Lemma 5,
the transitions of sXy, ... Xy, Xc are determined by the first identifier X in the sequence Xy, ... X, X such

that X = or X* X. We run into the issue indicated by the following example.
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Example 3. Consider the pushdown automaton in Figure 2, and note the ¢ M u transition, which is

redundant because when state ¢ is reached, the stack cannot be empty. By the third property listed above,

and since the state ¢ has no transitions with d on the top of the stack, it holds that X; -+. Moreover, since

t is accepting, it holds that X;'|. Therefore, X, is terminating if assigned attribute 7, meaning that /X, X,
[e/¢€]

can execute the redundant 7 -~  transition associated with Xc. This means the resulting TSVP process
would not have the same language. Therefore, we cannot relate /XX, to (¢,d).

ale/d| ale/€]
SO Gy

Figure 2: PDA demonstrating that the 7-transitions in Definition 10 are necessary.

The problem shown by this example is that sXj, ...X; X, can execute a transition that does not
stem from Xy, , because X;, may be terminating when assigned attribute s. Therefore, our construction
ensures a X AN s/ X transition for each § € 2y, meaning that X;, can never be terminating. The third
property listed above no longer holds. A consequence of this is that s4Xy, ... Xy X, — s/AXy, ... Xy Xe
always holds for n > 1, meaning we now introduce divergences.

We arrive at the construction in the following definition, where we use T and F for the Booleans true
and false. The use of the Booleans here is to ensure that the identifier X, only occurs at the very end of
a sequencing. Also note that the initial identifier / is defined such that [ is in VPGNF, and bisimilar to
T7Xe.

Definition 10. Let M = (S, <7, Zy,—,T,]) be some pushdown automaton. The VPGNF specification,
A, associated with M has S as its attribute set, and the following identifiers {Xs|6 € Zy U{e}} U{I},
with / being initial.

For x € 9;; and b € BB, define the sequence of identifiers o’ inductively by af = afX., of = ¢, and
af, = afX,. Then, for § € Py U{e}, the defining equation of X5 has the following summands:

e 5:— T.(s/Xs) for each state s € Sif § # e,

" g .
* s:—a.(trab) for each transition s B, 4 in M, whereb=T <= 6 =¢, and

» s:— 1 for each state s € S that is final in M.
Lastly, the defining equation for / has a summand & :— p for each summand 1:— p of X..
Example 4. Consider the following pushdown automaton, M = (S,.%7, Dy, —, s, ).

T

l‘l
Vv

b[d/ﬁ] b[d/f] — (S,E) (u7d) (M,G)

oy T T

ble/d (t

a?

Figure 3: Pushdown automaton for Example 4. The associated pushdown process is on the right, where
the accepting states are all those of the form (s',x) with s’ = u. The dashed t-transitions are not present
in the pushdown process, but are for later reference.
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The VPGNEF specification associated M is as follows:

1€ o amX, XX,
X, N atmXgXgXe+u:—ct™Xc+u:—1

X, & bamet 1 bate + Z s T mXy+ui—1

s'es

The transition system associated with / can be obtained from the PDP in Figure 3 as follows. Firstly,
replace every state (s’,x) with the corresponding VPGNF state s/ o] except for the initial state, which is
replaced by /. Then, add in the dashed 7-transitions. The 7-transitions stem from the ¥ g5 :— 7.5'2X,
summation in the defining equation for X,. This is particularly important for the state u/*X; X, as without
this 7-transition, it would hold that X, Eﬁé, which since X;*| would allow for a usX; X, 5y tmX, transition
stemming from X..

Theorem 2. For every pushdown process, there exists a branching bisimilar guarded recursive TSVP
specification.

5.2 TSVP Processes as Pushdown Processes

Next, we show for a VPGNF specification with initial identifier 7 and attribute set &, how to construct a
PDAM = (S,o/, Dy, —,T,]) such that £ (M) <, I. The idea is similar to before, we want:

* S=9,
e Py=L, and
* to relate the process yX; ...X, to the state (7,X; ...X,).
We need to overcome the same semantic differences as before, namely:
o yaX;...X, is accepting iff y € 1[X; ...X,], whereas (7,X; ...X,) is accepting iff y € |.

* the transitions of y4X] ... X, are determined by the first identifier X; in X ... X, such that X; % or
X;"}, whereas the transitions of (y,X; ...X,) are determined by y and X;.

We first consider the difference in the transition relations. In a context without attributes, the au-
thors of [4] use a notion of ‘acceptance-irredundance’ in order to eliminate terminating identifiers from
X1 ...X,. This way, the first non-terminating identifier in X ...X, is X;, which is what we want. The
following example illustrates why this approach is not suitable once attributes are introduced.

Example 5. Consider the TSVP specification in Figure 4. Note that the process Z is terminating when no
attribute is assigned, and therefore the process ZX may execute the a-transition originating from X. This
cannot directly be mimicked by a PDP, since Z is above X on the stack. The acceptance-irredundance
approach of [4] would not allow for a terminating identifier to be placed between two non-terminating
identifiers. We cannot do the same since whether or not Z is terminating depends on the attribute value
assigned to it, and this attribute value cannot be known a priori when placing Z on the stack. In particular,
the process X transitions to the state YZX. The attribute value assigned to ZX in the next state is then
determined by Y, and not by X.
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X yzx +d:—1

Y b1+ b.(dn1)

Z¥14d: >l

Figure 4: TSVP specification and its LTS, demonstrating the necessity of the 7-transitions in our con-
structions.
. . . T[d/€] .-

Since we cannot use acceptance-irredundance, our construction uses a s —— s transition whenever
the process identifier associated with d is terminating upon assignment of the attribute associated with s.
This essentially emulates sequential value passing.

Next, we consider the differences in acceptance. In a context without attributes, the construction
in [4] uses a special type of GNF such that if a < p/, then whether or not p'| can be determined
entirely from information given by @. As with the previous example, this is no longer applicable since
acceptance depends on an attribute value that cannot be known a priori. We need to store some additional
information on the stack.

Due to the s M s transitions that are used to pop terminating identifiers from the stack, we may re-
strict our attention to processes of the form y* o with & = X ... X, and y*X| non-terminating. Lemma 5
tells us that if y»ot = p/, then p’ is of the form /48 o, where € and B are determined by X;. Then,
since:

.« pliffe € 1],
- e 1[Bd]iff € € 1[B]N1[d], and
* ¢ and B are determined by X,

a PDA can determine whether or not p’| by storing 1 [3] alongside X; on the stack. Thus, the state Yo
of a TSVP process with o = X ... X, will relate to (y,o) with @ = (X;,1[Xz...X,]) ... (X, 1[e]). To
maintain this structure, define for o € 22* and 1 C 9, the sequence &' € (& x 27°)* as:

1 € ifa=ce
Q" =9 —1xjn1 )
B (X,1[X]N1) if a=pX forsome f € Z*X € ¥

and note the following properties:
28

1. a7° =,
2. 5) = ﬁ and
3. @B = aB.

We arrive at the construction in the following definition. The constructed PDA has (B x Z) U {1}
as its set of states rather than Z. The Boolean is used to determine the set of accepting states, which is
the set of states where this Boolean equal T. The state 1 is initial, and is used to prepare the stack.

Definition 11. Let A be some TSVP specification in VPGNF with initial identifier /. The PDA associated
with A is defined as M = (S, <7, Dy, —,1,]) where:

¢ S=(Bx72)U{1},
. @M:@XZQQ
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e — is the least relation such that:

1
— (byy) al(X,1)/a’]
eellalnl,

- (b,y) M (b,7) iff y € 1[X] and there is no summand & :— a.€a of X with § < 7, and

(b',€) for each summand & :— a.e/ ¢ of X with § < 7, where b’ =T <~

-1 e/l (b,8),where b=T <— & € 1]I].
* | is the least set such that {T} x 2 C |, and I implies 1 € |.
Example 6. Consider the VPGNF specification below.

def

X=0:—a¥YZ+0:—1
Yo . spanz+o:—ez
7 % Z 5:—1

86@9

The LTS associated with X is given on the left of Figure 5. The pushdown automaton M associated with
X, as given by Definition 11 is rather large and difficult to interpret. Thus, we provide the PDP . (M)
instead on the right of Figure 5.

Recall that the construction in Definition 11 uses 7-transitions to pop a terminating identifier off the
stack. This is visible from the fact that states of the form (s,Za) always have a T-transition to (s, &),
since the identifier Z is unconditionally terminating.

Our construction pushes sequences of the form @' onto the stack. This is done such that the stack
contents is always of the form f3. This information is used by the PDA to determine the accepting states:
note that the only states reachable from (7, €) are of the form ((b,d), ) where b =T iff § € 1[«].

Figure 5: On the left is the LTS associated with the VPGNF specification in Example 6. On the right
is the PDP associated with this specification, as described by Definition 11. The accepting states of this
PDP are not indicated here, they are the states (s,x) for which s =1 or s = (T, ) for some § € 5. The
dotted lines indicate a branching bisimulation, the pairs of which are all (p,q) such that p---g.

Theorem 3. For every guarded recursive TSVP specification, there exists a branching bisimilar push-
down process.
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6 Conclusion

We investigated the problem of establishing a process-theoretic counterpart to the classical correspon-
dence between pushdown automata and context-free grammars, which was previously considered solved
by the work in [4, 7]. We found some errors in the constructions used, suggesting that a strong bisimi-
larity correspondence cannot be established.

Before correcting these errors, we first established an alternative semantics for sequential value pass-
ing, following the ideas in [7]. These semantics are less involved, using fewer operational rules than
either of the previous theories. The operational rules can also be obtained from the rules for TSP in a
straightforward manner. The resulting semantics correct some implicit assumptions in [7], such as the
associativity of sequencing. The key to these semantics is that there are only two rules for deriving the
structure of the TSVP transition system space, and that all other operational rules are only for deriving
conditional behaviour or consistency.

We then establish a branching bisimilarity correspondence between pushdown processes and re-
cursive TSVP processes. The 7-transitions used in our constructions show how a stack can emulate a
sequencing by popping terminating identifiers off the stack, and how a sequencing can emulate a stack
by introducing divergences that prevent the head of the sequencing from terminating.

Future Work. Firstly, we were not able to formally prove that TSVP processes and pushdown processes
have different expressive power in bisimulation semantics, raising the question of whether or not the us-
age of branching bisimilarity is really necessary. A bisimilarity correspondence could also be established
by restricting the scope to a certain class of PDPs and TSVP processes. For example, in [16] there is
the notion of a normed pushdown automata, a type of pushdown automaton that can always execute an
action when the stack is non-empty. Notably, the pushdown automaton used to justify the 7-transitions
in the construction from PDPs to TSVP processes is not a normed pushdown automaton.
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A Proofs

We shall use the following notation to facilitate our proofs, where % is a binary relation:
* #* denotes the symmetric closure of %, i.e. Z* = ZU{(q,p)| pZq}.
* .# denotes the identity relation.
The correspondence proofs use the following notion of a branching bisimulation.
Definition 12. A branching bisimulation up-to strong bisimilarity is a symmetric relation Z C S x S,
such that whenever pZq, then for all a € &7
1. if p % p’ for some p’ € S, then there exists ¢,¢” € S such that ¢ — ¢’ N q", peoAo+rq and
p o oZoq’; and
2. if pJ, then there exists ¢’ € S such that g — ¢/, p<>o%o+>q' and ¢'|.

Whenever two processes are related by a branching bisimulation up-to strong bisimilarity, they are
also branching bisimilar [11, 15].
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Proposition 1. Let p be some process expression. There exists at most one & € 9 such that p€6.

Proof. Let p be a TSVP term. We prove by structural induction that there is at most one § € % such
that p%'0.

1.
2.

3.

If p=0,p=1,0r p=a.p, then only p €S is derivable.
If p=dnp,p=36:—p,or p=%Cs(p'), thenonly p€d, p€S, or p& S is derivable, respectively.

If p=NA(p'),or p=X and X &ef p’, then we may inductively assume there is at most one 8 € Z.,
such that p’ ¢'8. If such a § exists, then only p €8 is derivable. Otherwise, p is inconsistent.

If p=p'+p”, then inductively there is at most one (8,€) € 22 such that p’ €8 and p” €e. If such
a (8,¢) exists, then p%d iff € < 8, and pFe iff § < €. If both hold, then § = €. If § and € are
incomparable, or if such a (8, €) does not exist, then p is inconsistent. In any case, p is consistent
with at most one attribute.

. If p=p/; p", then inductively there is at most one (8,€) € 22 such that p’ 6’8 and p” €¢. If such

a pair exists, then if € = ©, only p %9 is derivable. If € £ ©, or if such a pair does not exist, then
p is inconsistent.

If p = L, then there is no 8 € %, such that p%’6.
[

o . . 3,
Proposition 2. Let p and g be process expressions. If for some & € 9, and a € <7 it holds that p 24 q,

[
p‘si, or g =2 p, then p.

. . .. 1)
Proof. The first two statements are clear since every operational rule deriving p5¢ or p 24 q has a
premise p ¢’y. Note for AC1 and AC2: x+y €'y iff y+x €’y. The last statement we prove by structural
induction on q.

1.
2.

Ifg=0,g=1, or g = 1, then the premise is false.

d, .. .
If g=a.q' and g 24 p, then this is derived by AP1, so p = ¢ and p%€’y.
Ifg=q¢ +¢" and q 24, p, then this is derived by ACI1. Therefore, either ¢’ 24, porq’ 24, p. In
either case, we obtain inductively that p €’y.

Ifg=¢';q" and g Sa, p, then this is derived by S1 or S2.

* If by S1, then ¢’ 24, . p=7p'q", and ¢ €y. Inductively it holds that p’ €Y. Then, ¢ €y is
derived by S0, so it holds that ¢” €'©. Therefore, p ¢’y is derivable by SO.

* If by S2, then ¢” LN p and the result holds inductively.
Ifg=dng,q=8:—q¢,q=NA(q), q=%5(¢'),or g =X with X défq’, and ¢ =% p, then it must
be the case that ¢/ E) P, and thus the result holds by induction.

O

Proposition 4. Stateless bisimilarity is finer than bisimilarity, and it is a congruence for TSVP. More-
over, &3 is a stateless bisimulation.
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Proof. That stateless bisimilarity is an equivalence is clear from its definition. We show that &; C < by
showing that any stateless bisimulation is a bisimulation. Let & be a stateless bisimulation and let pZgq.
1. Suppose p = p'. Then this is derived by O1, and hence there is some § € 2 such that p €' and

p 24, p'. Since Z is a stateless bisimulation, it holds that ¢ 4’6 and g Sa, ¢ for some ¢’ such that
P'Zq'. Then, by Ol it holds that ¢ = ¢/, as required.

2. Suppose pl. It follows analogously that g

Now, we show that <>, is a stateless bisimulation. Take p <+ ¢, and let % be a stateless bisimulation
such that pZgq.

1. Suppose p € S. Then since Z is a stateless bisimulation, it holds that ¢ 6.

1) . . .. . . S,
2. Suppose p 24 p'. Since Z is a stateless bisimulation, it holds that g 24 ¢’ for some ¢’ such that
p'%q . Since Z is a stateless bisimulation and p’Z¢/, it holds that p' & ¢

3. Analogous to (1).

Lastly, we show that >, is a congruence'. Let p1, p2,q1,¢2 be TSVP processes such that p; <3 p2
and g1 <+ g2. We show compatibility of «; with each TSVP operator, including auxiliary ones. Let %,
and %, be stateless bisimulations such that p1.%,p> and q1%4q>.

Action Prefix. We show that a.p; < a.p> by showing that
K =X, I{(a.p1,a.p2)}’
is a stateless bisimulation. Take (a.p1,a.p;) € Z.
1. Clearly a.p; €S and a.p; €©.
2. Suppose a.p; % P}. Then this is derived by AP1, and therefore a = b, p; = p)|. By AP, also

8, . . .
a.py 24, P> is derivable, and we are done since p; Zp>.

3. The premise is false.
The proof for the pair (a.p2,a.p1) € # is analogous. The proofs for the remaining pair are trivial.
Therefore stateless bisimilarity is compatible with action prefix.

Alternative Composition. We show that p| + g1 &; p2 + g2 by showing that
A =Ry IA A (P +aq1,p2+q2) P

is a stateless bisimulation. Take (p; +q1,p2 +¢q2) € Z%.
1. Suppose p; +¢1 € 0. Then this is derived by ACO, so there is some € € ¥ such that € < &
and either p; €6 and g €’¢, or vice-versa. W.1.o.g. assume the former. Then since p1%,p, and
q1%44>, it holds that p, €' and ¢, €’¢. Thus, by ACO it holds that p; +¢> €6, as required.

19 .. . .. . 0, 0,
2. Suppose p +q1 — p'y. This is derived by AC1, so it is the case that either p; — p’ or g; — p!.
. . d,
W.lo.g. assume the former. Then since p1%,p», there exists some p) such that p; 24 ph and

. d, .
P\ Z%p,p5. Then by AC1 we derive p; +¢» 24 P, and we are done since p| % p).

3. Analogous.
The proof for the pair (p2 + g2, p1 + q1) € Z is analogous. The proofs for the remaining pair are trivial.
Therefore stateless bisimilarity is compatible with alternative composition.

IThat it is a congruence is relatively straightforward from the format of the operational rules.
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Sequencing. We show that p;;q; < p2;q2 by showing that
R =Ry {1391, P%:0) | P\ Zppo )}

is a stateless bisimulation. Take (p};q1,p5;q2) € Z.
1. Suppose p};q1 € 0. This is derived by SO, and therefore p| €8 and q; €. Since p|Z,p, and
q1%4q>, it holds that p/, €8 and g, €'S. Therefore, SO derives p);q» €0, as required.

2. Suppose p';qi Sa, ¢}. This is derived by S1 or S2.

S, . . S
« If by S1, then p} =% p/ and ¢} = p’;q). Since P1%,ph, it holds that p) 24 pl for
some p’ such that p|%,p’;. Therefore, S1 derives p’;q> Sa Ph;q> and we are done since
(P\3q1.P3:92) € Z.

[ [ . . 0
* If by S2, then p}| -, p 81, and q; 2% q). Since p\Z,p5 and q1%,q>, it holds that p5 —,

ph%], and ¢, 24, g, for some ¢} such that ¢} %,q,. Then S2 derives p);q» 24, ¢, and we are
done since (¢},45) € Z#.

3. Suppose p};qi 3. This is derived by S3, and therefore P} 4| and ¢;°. Since P\ Z,ps and q1 %4qs»,
it holds that p,°| and ¢,°|. By S3, we derive p};¢>°|, as required.

The proof for the pair (p);q2,p);q1) € Z is analogous. The proofs for the remaining pair are trivial.
Therefore stateless bisimilarity is compatible with sequencing.

Attribute Assignment. We show that d/ap; <, d’*p, by showing that
X = %], U {(d“p] ,d“pz)}s

is a stateless bisimulation. Take (d4p;,dsp,) € Z.
1. Suppose d’sp; € 3. Then clearly 6 = d, and by AAO it holds that p; €’¢ for some € < 6. Since
P12, it holds that p, €’¢, and hence dp, €d.
2. Suppose d™p; Sa P} Then this is derived by AAI, and therefore p; Sa py. Since p1Z,pa, it

holds that p, LN ph for some p) such that p| %, p5. Then AAL derives d/p, Sa ph and we are
done since p| Zp},.

3. Analogous.

The proof for the pair (d’Apy,dp,) € Z# is analogous. The proofs for the remaining pair are trivial.
Therefore stateless bisimilarity is compatible with attribute assignment.

Guarded Command. We show that y:— p; &; 7:— p2 by showing that
K =K U{(v:= p1r,7:—= p2)

is a stateless bisimulation. Take (y:— p1,7:— p2) € Z.

1. Suppose y:— p1 €' 0. Then clearly § = &, and by GO it holds that p; €€ for some € < 7. Since
P1%,p2, it holds that p> €’¢, and hence y:— p> €'C.
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2. Suppose Y:— pi ﬂ P}. Then this is derived by G1, and therefore § = y and p, e, p}. Since

P1%pp2, it holds that ps e, ph for some p) such that p}Z,p5. Then G1 derives y:— p» e, Ph
and we are done since p|Zp}.

3. Analogous.

The proof for the pair (y:— pa2,y:— p1) € Z is analogous. The proofs for the remaining pair are trivial.
Therefore stateless bisimilarity is compatible with guarded command.

Non-acceptance. We show that NA(p;) <»,; NA(p2) by showing that
R =K U{(NA(p1),NA(p2))}’

is a stateless bisimulation. Take (NA(p1),NA(p2)) € Z.
1. Suppose NA(p;) €¢'6. This is derived by NAO, and hence p; €6. Since p1Z,p», it holds that
p2 %8, and hence NA(p2) €'0.
2. Suppose NA(p1) Sa, P Then this is derived by NA1, and therefore p; Sa p. Since p1Zppa, it

holds that p, Sa, ph for some p), such that p| %, p,. Then NA1 derives NA(p») ra, ph and we are
done since p|Zp},.

3. The premise is false.

The proof for the pair (NA(p2),NA(p1)) € Z is analogous. The proofs for the remaining pair are trivial.
Therefore stateless bisimilarity is compatible with non-acceptance.

Consistency Assertion. We show that €5(p;) <> 5(p2) by showing that

X = RpI{(€5(p1),C5(p2))}’

is a stateless bisimulation. Take (€5(p1),€5(p2)) € Z.
1. Suppose €s(p1) € €. This is derived by CO, and hence € = §. By GO, also €5(p2) €6.

2. Suppose €5(p1) 24 p}. Then this is derived by C1, and therefore p; 24 p}. Since p1Zy,ps, it

holds that p» <% p) for some p), such that p|%Z,p,. Then C1 derives €5(p2) ra, ph and we are
done since p|Zph.

3. Analogous

The proof for the pair (€5(p2),€s(p1)) € Z is analogous. The proofs for the remaining pair are trivial.
Therefore stateless bisimilarity is compatible with consistency assertion. 0

Lemma 1. Let ', 9" C 9. The following equations are derivable using the axioms in Table 9:
D i—x+ D" —wx=2'UD" :—x
9D = (9" —C5(x)=2'"ND":—€5(x)
Proof. The first equation is merely notation. The second equation follows from Axioms G3 and G4. [

Lemma 2. Let p # | be in HNF, and let Y € 9, be its attribute value. Then p = €y(p) is derivable
using equational logic and the axioms of TSVP.
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Proof. Straightforward using the axioms for consistency. O

Lemma 3. Let p # | be in HNF. Then p = NA(p) + 1[p]:— 1 is derivable using equational logic and
the axioms of TSVP.

Proof. Straightforward using the axioms for non-acceptance. O

Proposition 5. Every guarded TSVP process p is derivably equal to some expression in HNF using
equational logic and the axioms of TSVP.

Proof. Let p be a guarded TSVP term. We prove by induction on the structure of p, that it is derivably
equal to some expression in HNF. We only show the case for p = p’; p”, as it is most involved. It relies
on the correctness of the other cases, which are relatively straightforward.

For p to be guarded, both p’ and p” must be guarded. Thus, we inductively assume p’ and p” are in
HNFE.

Case 1. First, consider the cases where p is inconsistent:

o If p’ = L, then p = L is derivable by Axiom B6.

e If p” = 1, then p = L is derivable by Axioms B3 and B7.

o If p” has attribute value ¥’ # ©, then p = L is derivable by Axiom B7.
It only remains to consider the cases where p is consistent, thus:

p’:)/“(z 5:—>p%)

0€y

P = Z 1) :—>pg
S

As an intermediary result, we show that p’s; p” can be brought to HNF. Write:
Ps =Y ai.Ge(pi) [+1]
=

We distinguish two cases. If n = 0, then using Axioms A7 and A9, we have p's; p” = 0 or pls;p” = p”,
depending on whether or not p;/ has the 1 summand. Since 0 can be brought to HNF, and p” is in HNF,
we conclude this case. Now, if n > 0, then using Axiom A12, we have

ps:p’ = (Z ai.%g,-(pi)) 0" [+1p" = 1]
i=1

where the [+1[p"]:— 1] summand is there iff p, has the 1 summand. Using the axioms for non-
acceptance and Axioms A10, A11 and C7, we obtain:

n
Ps:p" =Y aiCe(pisp”) [+1[p"]:—=1]
i=1
Lastly, using Axiom G5 and by commuting the individual parts of the [+1[p”] :— 1] summand (if it
exists), we obtain an expression in HNF, as required.

With the intermediary result established, we distinguish two cases depending on whether or not

Y =6.
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Case 2. First, consider the case where Y # ©. We may use Axioms S1-S3, G1, and A6 to write:
p=/"py):p"

Using Axioms A9, AS, and A9 again, we obtain:
p=7Y"(py:p")

We have shown above that p/,; p” can be brought to HNF. Since §/g can be brought to HNF whenever
g is HNF, we conclude this case.

Case 3. Now, consider the case where ¥ = ©. Using Axiom G5, we obtain:

p=Y 8:—=(psp")
36@3

Each p’s; p” can be brought to HNF. Since 8 :— ¢ and ¢ + ¢’ can be brought to HNF whenever ¢,q’ are
in HNF, we conclude this case. O

Lemma 4. The following equations are derivable using the axioms in Tables 8 to 10:
6/ (x;y) = (6/x)sy
0: = (x;y) = (6:—x);y

Proof. First consider 6/%(x;y). Note that if y4’S (which can be determined from the normal form of y),
then:

5 (xy) 2 (551); (x:y)
2 ((8/1):2):y
(0/x);y

>

9

1z

The same result can be obtained if y 'S does not hold, since then both sides of the equation are incon-
sistent.

Now consider 8 :— (x;y). As before, consider y ¢ ©. Write x in HNF, and consider the attribute value
yof x. If y ¢ {§,5}, then the expression is inconsistent, as is (0 :— x);y. Otherwise, if y = ©, then we
may consider the equivalent expression x’ with no attribute assignment, due to the previous result and
Axiom G4. Then, we can derive x' = 6 (x"). From this, we may use the axioms for consistency and
obtain 0 :— (x;y) = 65(6:— (x;y)). Note that € :— (0;y) = 0, thus we may consider the expression:

Z €:— (xg3y)

SE@\:;

where x; = x if € = §, and otherwise x; = 0. Then using G5 and removing the redundant guards, we
obtain the desired result, (6 :— x);y. O

Theorem 1. Let p,q be recursion-free TSVP processes such that p < q. Then p = q is derivable using
the axioms in Tables 8 to 10.

Proof. The proof is similar to the one in [10]. O
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Proposition 6. For every guarded recursive specification A with initial identifier X4, there exists a recur-
sive specification A’ in VPGNF with initial identifier X{ such that Xy <> XJ.

Proof. The proof is given in two parts. First, we show that for each guarded recursive specification A
with a consistent initial identifier Xy, there exists a recursive specification A" with initial identifier XTI
such that X; ¢, X, where each defining equation of A is in Greibach Normal Form (GNF):

5 def i ( Z §:—ps) with each pg of the form
SZ

ps = ) a;.Ce () [+1]

n
i=1

where ¢ is a sequence of process identifiers.

We show how to transform such a A into a specification A’ with each defining equation in A" in GNF.
First, convert each defining equation in A to HNF. Then, for each X € 2, each summand 6 :— pg of
X, and each summand a.6;(p) of ps, replace p by a fresh identifier X, with A(X,) = p. Now, note
that each original identifier of & is in the required form (although the new ones are not). Let S be a
stack data structure, consider the set P C & of newly created process identifiers, and apply the following
subroutine:

1. Push P on the stack S.

2. For each X, € P, do the following:

(a) Let f be the outermost function symbol of A(X)), i.e. A(X,) = f(p1,...,pn) With f of arity
n.

(b) For each p; that is not an identifier, create a new equation X, def pi with X, a fresh identifier.
(c) Redefine A(X,) = f(Xp,,..-,Xp,).

3. Recurse on the set P’ of newly created process identifiers, unless P’ = 0.

After this subroutine, it holds that for each set P on the stack S, the identifiers in P are defined only
in terms of original identifiers of & (which are in GNF), or identifiers that belong to some P’ that are
stored above P on S. It can be shown by structural induction that whenever p is a process expression such
that p = f(X,...,X,) for f a function symbol of arity n and the defining equations for Xj,...,X, are in
VPGNEF, then p can be converted to GNF without introducing any other identifiers. Thus it suffices to
pop the set P on the top of S, apply this procedure to A(X) for each X € &, and repeat until S is empty.
The resulting specification is in GNF. It is not too hard to see that each identifier X of a specification in
GNF can equivalently be defined in the form:

x & N < 5,-:—>ai.(€gi(oc)> +1:—1
i—1

1

by commuting and distributing summands and guards appropriately.
Next, we show how to transform a specification A in GNF to VPGNF. We fix process identifiers

Xe &f ¢10 for each € € 9. Note that the consistency of a sequence o € £7* can easily be determined
by the attribute values of the defining equations of each identifier in ¢. Therefore, each sub-expression
a.%:(a) can be replaced by a.« iff @ ¢’e, or a. X, otherwise. Now whenever a sequence o occurs in a
defining equation of some identifier, it holds that ¢ is consistent. Therefore, only the first identifier in ¢
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has an attribute value. Now, replace each sequence ot = X dina defining equation by £4X Tﬁ, where
€ is the attribute value of X, and X' is defined as X but without any attribute assigned. It holds that
o EMX "ol due to the distributivity of attribute assignment over sequencing. Now the only reachable
identifiers (those that occur in the defining equation of the initial identifier, or in defining equations
of those identifiers, etc.) are those without any attribute value, except for the initial identifier itself.
Remove all non-initial identifiers from the specification which have an attribute value. Now all defining
equations are in VPGNE, except for that of the initial identifier, because it still has an attribute 7. First,
use Axioms S2 and S3 to remove all guards. Then, the only transformations that does not preserve
stateless bisimilarity is the removal of the attribute assignment. Bisimilarity is still preserved since the
initial identifier can reach all the same states. Lastly, to bring the initial identifier to VPGNF, reintroduce
the guards using Axiom G5.

The result has been proven for specifications with a consistent initial identifier. If the identifier is

inconsistent, then we need only take the specification A’ with initial identifier X | %10 since L «0. O

Lemma 5. Let oo € & be a non-empty sequence of process identifiers in VPGNEF, and let v € 9. If
there exists some a € o/ and TSVP process p' such that ysa % p/, then there exists X € P, o €
P* B e P, and € € D, such that:

ca=0d"Xd,
« YL and Y % for each identifier Y in o, and

e X X% enB and p' o enpa.

Proof. Let oo € P, y€ D, a € o, and p' be such that y2a % p’. We proceed by induction on o. In
case o = ¢, the statement is vacuously true since 1 . In case & = X' for some X € &, o' € &2, then

a =X;a'. Then Yo = p' is derived by O1, meaning o LN p' and Y2 €'S. Clearly 6§ = 7y since
each identifier in VPGNF is consistent with ©. Then, y»*« % p' is derived by either S1 or S2.
* If by S1, then it holds that X ra, pand p’ = p; /. Since X is in VPGNEF, it holds that p = /43 for
some B € Z* and € € 2. Then we are done, since:
- a=€Xa',and

- X X% enpBand p’ +y €MBa’ by Lemma 4.

e If by S2, then X —yf'—>,X Y|, and o RAN p’. Inductively, it holds that:
—ad=od"Yo"
- Z"|and Z 2 for each identifier Z in ", and
- Y X% enBand p s enfo.

n

Then we may write @ = X ”’Y o”, with the prefix being X o
done.

and the suffix being a”, and we are

O]

Theorem 2. For every pushdown process, there exists a branching bisimilar guarded recursive TSVP
specification.
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Proof. Let M = (S, , Py, —,T,J) be some pushdown automaton. Let A be the TSVP specification
associated with M, as given by Definition 10. Let & be the symmetric closure of the following relation:

{(shag (s,x))[s € S,.x € Ty}

We show that  is a branching bisimulation up-to strong bisimilarity. First, consider a pair (s"sc!, (s, x)).

1. Suppose s»a! % p’. Note that by construction of A, s4X % for each identifier X # I, so smork
does not have a terminating prefix. From this and Lemma 5, it follows that there exists x' € Z;;,6 €
Py U{e} and t € S such that:

¢« x=087%,
X5 4 o=

We distinguish two cases.

/ T
“and p' 1Mo .

s Ifa=t,t =5, and X' = §, then we are done since p’ <> s, and s o and (s,x) are related
by %.

. . 8/ . "
* Otherwise, it holds by construction of A that s M t is a transition of M, and hence (s,x) %

(t,x'x). Then we are done since /2ot~ and (¢,x'x) are related by Z.

2. Suppose sa’|. By the operational semantics, it holds that X*| for each identifier X in the se-
quence a. By construction of A, this requires a summand s:— 1 for some state s that is final in
M. Therefore, (s,x)].

Next, consider a pair ((s,x),s™a’).

1. Suppose (s,x) % (r,y). Since x = § ¥ for some & € Zy;U{e}, we have y = x' ¥ for some transition

als/x] 5

s =25 t of M. By construction of A, X5 % tma2=¢, and therefore s ocf < r/2aT follows. Then

we are done since (7, ¥') and 1ot~ are related by Z.

2. Suppose (s,x)|. Then s is final in M, and thus each identifier o] has a summand s:— 1. By the
operational semantics, it holds that s™ ot | as required.

Thus, Z is a branching bisimulation up-to strong bisimilarity. Since 14X, <, (1,€) and I = /X, it

holds that / <, (1, €), as required. O

Theorem 3. For every guarded recursive TSVP specification, there exists a branching bisimilar push-
down process.

Proof. Throughout this proof we shall, as an abuse of notation, use a proposition to denote its underlying
Boolean value. Otherwise, it becomes cumbersome to define the Booleans in the branching bisimulation.

Let A be some guarded TSVP recursive specification with initial identifier X;:. We assume w.l.0.g.
that A is in VPGNF. Let M be the PDA associated with A, as given by Definition 11. Let & be the
symmetric closure of the following relation.

{(yra,((ve L[a], 1), @) |y € Do, a € ZTHU{(X;, (1, €))}
We show that % is a branching bisimulation up-to strong bisimilarity. Consider the pair (y*c, ({y €
1lal, ), a)).

1. Suppose ysar % p’. By Lemma 5, there exists X € 2, o ,a’' € Z*,B € P, and € € I, such
that:
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ca=a"Xd,
e Y"|andY Yy for each identifier Y in o , and
e X X% enpand p wenBor.
From the second property, it follows:
* by construction that ((y € 1[a],7),@) — {{(y € 1[Xa/],y),Xa’), and
o from the fact that o’ is terminating that Y <> y*X o',

Next, since X ~% e, it follows that:
((rellxa]y),Xa') = ((e € 1[Ba],e), o)

Then, we are done since:

« yaXa' and ({(y € 1[X'],y),X ') are related by %; and
e enBo’ and ((€ € 1[Bd],€),Ba’) are related by Z.

2. Suppose y»a. By definition of 1[a], it holds that y € 1[a], and by construction of | it holds that
(v e 1[a],7),a)].
Next, consider a pair ({(y € 1[a],y), @), y*a).

%
1. Suppose ((y € 1[a],y),a) = p'. Since « is non-empty, so is @. Thus, p’ is of the form (r,x’ @)

sl
and M has a transition (y € 1[a],7) KIS By definition of M, we may distinguish two cases

for the values of x’ and ¢.

* Suppose x’ = Bﬂ[m and r = (¢ € 1[B] N 1[d], &) for some summand & :— a.e/f of & with
8 < 7. Then it holds that Yo = e/ 3 o . Moreover, since ¥ @ = ﬁ, and e € 1[f]N1 [3]
iff £ € 1[B0/], it holds that e/»3 0/ and p’ are related by 2.

* Suppose X' =€ and t = (y € 1][a],y). Thena=1, y € ]l[ﬁ], and moreover there is no
summand & :— b.e/8 of & with § < 7. Therefore, a0 is terminating, and consequently
Ao & y/\ﬁ holds by disregarding any irrelevant conditionals of E, and applying Axiom
A9. Since y € 1[@], it holds that y € 1[ct] iff y € 1[¢]. Therefore, p’ and Y are related
by %, and we are done.

2. Suppose ((y € 1[a],y),e)|. Then y € 1[c] holds, and ya| follows from the operational seman-
tics.

Lastly, we have the pairs (X, (1',€)) and ((1',€),X4). It is relatively straightforward to show that these
pairs satisfy the required conditions, since (1',¢) = ((© € 1[X;],©),X+), and the target state is related
to ©X} in Z.

Thus, Z is a branching bisimulation up-to strong bisimilarity, and since (Xy, (1,€)) € £, it holds
that X; <, (17, €). O
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