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We define an encoding of a reduced call-by-push-value λ-calculus (CBPV) into the internal
π-calculus. The encoding uses the restricted output discipline of the internal pi-calculus
together with explicit handles for application and return, allowing CBPV substitution to
be represented by name passing and replicated pointer processes. We prove an operational
correspondence theorem for the encoding: every CBPV reduction is simulated by internal
reductions of the encoded process, and every reduction sequence of an encoded process
corresponds, up to weak bisimilarity, to a CBPV reduction. We also adapt Gorla’s criteria for
good encodings to the present setting and show that the encoding satisfies compositionality,
name invariance, operational correspondence, divergence reflection, and success sensitiveness.
Finally, we compare the encoding with Milner’s classical encodings of call-by-value and call-
by-name λ-calculi into the π-calculus. Composing Levy’s translations of call-by-value and
call-by-name into CBPV with our encoding yields processes that are behaviourally close to
Milner’s direct encodings, while making explicit the additional thunk and return structure
introduced by CBPV.

1 Introduction
The notions of call-by-value and call-by-name as parameter-passing mechanisms date back to
the setting of ALGOL60 [2]. Later, Plotkin [16] gave a detailed account of these two evaluation
strategies in the setting of the untyped λ-calculus.

Levy showed [12, 13] how to define the notion of call-by-push-value that subsumes both call-
by-value and call-by-name in an enriched version of the λ-calculus that makes use of the well-
established notion of thunks, which was first used for implementing call-by-name in ALGOL60,
as well as a variation of the return-construct known from monads that can be used to describe
how values and terms are passed in a computation.

There has also been interest in studying how to reason about computations that use call-by-
push-value. Rizkallah et al. [17] have presented an equational theory, which is essentially the
congruence closure of the reduction relation and formalized it in Rocq.

In the setting of process calculi, there has also been a line of work that studies encodings of
the λ-calculus into a given process calculus. This began with the seminal work by Milner [14]
who showed that it is straightforward to encode both call-by-value and call-by-name reduction
strategies into the π-calculus. Since then, there has been work on understanding the expressive
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power of process calculi by using encodings of this kind as a yardstick. Sangiorgi has shown
[19] that the use of a higher-order π-calculus makes the description of the encoding simpler, and
later work has shown that both the asynchronous π-calculus [25] and the "internal” π-calculus
πI [21] known as the πI-calculus allow for encodings of the λ-calculus. In [8], Durier et al. study
which equivalence on λ-terms is induced by Milner’s encodings, and to this end they make use
of the πI-calculus as well as the asynchronous π-calculus.

In the realm of formalizations, Accattoli et al. have given a formal proof of the correctness
of Milner’s original encodings [1] using the Abella proof assistant.

This paper makes the following contributions: First, we define an encoding of call-by-push-
value λ-calculus (CBPV) in the internal π-calculus (πI-calculus), a restricted variant of the π-
calculus in which outputs are bound. Second, we prove the central operational correspondence
result for this encoding, namely soundness and completeness with respect to CBPV reduction.
Third, we show that the encoding satisfies Gorla’s criteria for good encodings, suitably adapted
to the present setting. Fourth, we informally compare the resulting CBPV to πI-calculus encod-
ing with Milner’s direct encodings of call-by-value and call-by-name, showing how the variable
and abstraction cases align and where the CBPV translation changes the shape of the processes.

This paper is a condensed version of a more comprehensive full paper that includes complete
proofs, a preliminary Rocq formalization of the central soundness argument, and variations of
the encoding using the monadic π-calculus, asynchronous π-calculus and local π-calculus [3].

The choice of the πI-calculus originally arose from the observation that only bound outputs
are necessary in an encoding.

However, there are other important benefits of a fundamental nature that come from this
choice. Firstly, the concern of which notion of bisimulation equivalence to consider (late, early
or open) and how to deal with congruence properties are easily resolved: In the πI-calculus, the
notions of late, early and open bisimilarity coincide and are congruence relations.

Secondly, this choice has also made it easier to formalize the encoding in Rocq, as it simplifies
the treatment of α-conversion in the π-calculus.

Throughout this paper, we use the polyadic variant of the πI-calculus, where outputs can
send tuples of names. This is a straightforward generalization of the monadic varition, where
processes are allowed to send and receive tuples of names. This is done out of convenience to
allow for more compact encodings, as it avoids the need for intermediate channels to sequentially
transmit multiple names. When we refer to the πI-calculus in this paper, we mean the polyadic
variant unless otherwise specified.

The paper is structured as follows. In section 2, we recall the call-by-value and call-by-name
variants of the λ-calculus. In section 3, we introduce the call-by-push-value λ-calculus and its
encodings of call-by-value and call-by-name. In section 4, we present the internal π-calculus and
explain why it is a suitable target calculus for our encoding. In section 5, we define the encoding
of CBPV in the internal π-calculus and prove the central soundness and completeness results.
In section 6, we discuss the encoding with respect to Gorla’s criteria for good encodings, and
in section 7, we compare it with Milner’s original encodings of call-by-value and call-by-name.
Finally, section 8 concludes and outlines directions for future work.
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2 Call-by-value and call-by-name
In this section we will give an introduction to the call-by-value (CBV) and call-by-name (CBN)
paradigms of the λ-calculus. This serves as motivation for why one would want to use a calculus
that encompasses both of these paradigms.

We first present the notions of call-by-value (CBV) and call-by-name (CBN), as they appear
in the λ-calculus.

The syntax and semantics for the CBN λ-calculus can be seen in Definition 2.1, and the
syntax and semantics of the CBV λ-calculus can be seen in Definition 2.2 [16].
Definition 2.1 (Syntax and semantics of CBN).

M,N ::= x | M N |λx.M

(Sub) M → M ′

M N → M ′ N
(App)

(λx.M) N → M{N/x}

Definition 2.2 (Syntax and semantics of CBV).

M,N ::= V | M N

V ::= x | λx.M

(Sub) M → M ′

M N → M ′ N
(Obj) M → M ′

V M → V M ′

(App)
(λx.M) V → M{V/x}

The main difference between CBV and CBN appears in the case where the argument of an
application is evaluated. While their expressive power is the same, their termination capabilities
are not. In CBV the argument is evaluated before we perform the substitution, where as with
CBN it uses a lazy evaluation, that only evaluates the expression when it is needed. This results
in CBN and CBV having different termination for some expressions. An example of this is
the λ-term (λx.y)((λz.zz)(λz.zz)). Under the CBN semantics one can use application directly
(λx.y)((λz.zz)(λz.zz)) → y. However, under the CBV semantics, one has to perform object
reduction first.

(Obj)
(App)

((λz.zz)(λz.zz)) → ((λz.zz)(λz.zz))
(λx.y)((λz.zz)(λz.zz)) → (λx.y)((λz.zz)(λz.zz))

One can rewrite the λ-term, such that it also terminates under the CBV semantics by writing
arguments M as thunks λx.M where x does not occur free in M . This delays the computation
until needed, at which point one supplies a bogus argement, forcing the computation inside the
thunk. Rewriting in this way one can again use application directly (λx.y)(λ((λz.zz)(λz.zz))) →
y. In this way one can essentially encode CBN semantics to CBV semantics. However, going
the other way is a little more challenging, further using thunks will not work, instead one can
use continuations. [16]

This motivates the call-by-push-value λ-calculus, which adds the necessary language con-
structs to represent both the CBN and CBV reduction strategies in an elegant way.
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3 The call-by-push-value λ-calculus

Call-by-push-value λ-calculus (CBPV) was introduced in [12], and is a λ-calculus that encom-
passes both CBV and CBN. For the purposes of this paper, we use a reduced syntax of CBPV,
that is still expressive enough to encode both the CBV, and the CBN λ-calculus elegantly. The
syntax of this language, which we will refer to as CBPV, is shown in Definition 3.1. Note that
unlike the original version of CBPV from [12], the version considered here is untyped.

Definition 3.1 (Syntax of CBPV).

M,N ::= V | λx.M | M V | force V | return V | M >>=λx.N

V ::= x | thunk M

A key distinction is that between expressions M,N ∈ Expr and values V ∈ Val. We let V ar
denote the countably infinite set of all variables, where x,y,z, ... ∈ V ar. The binders of CBPV
are λx.M that binds x in M and M >>=λx.N that binds x in N . We define substitution, free
variables and bound variables in the usual way.

Our reduction semantics is shown in Definition 3.2. It is inspired by that of [17], though we
omit the use of an unrolling function. This would unroll a term such as "letrec x = λy.y in N".
We do not need this, as we do not have mutual recursive aliasing, which would require the unroll
operation.

Definition 3.2 (Reduction semantics of CBPV).

(Bind-1)
return V >>=λx.N → N{V/x}

(Bind-2) M → M ′

M >>=λx.N → M ′ >>=λx.N

(App-1)
(λx.M) V → M{V/x}

(App-2) M → M ′

M V → M ′ V

(Force)
force (thunk M) → M

We now recall Levy’s encodings of CBV and CBN in CBPV [13]. The two encodings use
the same CBPV constructs, but in different ways. In the CBV encoding, computations are
sequenced explicitly using return and >>=, so the argument of an application is evaluated
before the function is applied. We use VJK to denote the encoding of CBV to CBPV.

Definition 3.3 (Encoding CBV to CBPV).

VJxK = return x

VJλx.MK = return thunk λx.VJMK
VJM NK = (VJMK>>=(λf.VJNK>>=λx. force f x))

In the CBN encoding, evaluation is delayed instead. Variables are encoded as force x, so
the computation associated with a variable is forced only when the variable is used. In an
application, the argument is wrapped in a thunk before it is passed to the function. We use N JK
to denote the encoding from CBN to CBPV.
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Definition 3.4 (Encoding CBN to CBPV).

N JxK = force x

N Jλx.MK = λx.N JMK
N JM NK = N JMK thunk N JNK

Together, these two encodings make precise the informal observations from the previous
section. For the term (λx.y)((λz.zz)(λz.zz)), the encoded argument must still be evaluated in
the CBV encoding before the body of the abstraction can be reached.

In the CBN encoding, the same argument is passed as a thunk. The application of (λx.y)
therefore substitutes a delayed computation for x, and since x does not occur in y, the divergent
argument is never forced. The difference between CBV and CBN is therefore represented in
CBPV by the interaction between thunk , force , return , and >>=.

4 The Internal π-Calculus
In this section we will introduce the πI-calculus, [20] and discuss the motivations behind using
to encode CBPV.

The π-calculus is a process calculus that can be seen as an extension to calculus of com-
municating systems (CCS) where names can be passed around, permitting the description of
mobile systems. One can view πI-calculus as a variation of the π-calculus where free outputs
have been removed and substitution replaced with alpha.conversion, or as a variation of CSS
where alpha-conversion has been added. According to Sangiorgi the motivating factor in the
creation of πI-calculus was to investigate calculi that lay somewhere in-between the π-calculus
and CCS. Calculi that might be as expressive as the π-calculus, while still having the simplis-
tic theory CCS. In what follows we will highlight how the πI-calculus simplifies much of the
theory of the π-calculus, which secondarily should help emphasize the reasoning behind using
the πI-calculus to encode CBPV. The expressive power of πI-calculus, should hopefully become
self-evident throughout the paper.

Conceptually, processes in the πI-calculus may be understood as independent agents that
interact by synchronising on names. For example, a(x).P is the process that can receive a name
on the channel a, and then continue as P , while the process a(b).Q is the process that can send
a private name b on the channel a and then continue as Q. Consider the process

a(x).P | (νb)a(b).Q

this represents two sub-processes that can communicate on a, after which the receiver may
continue using the received name. The crucial restriction in the πI-calculus is that outputs are
bound, meaning the name being sent is not a freely available external name, but one whose
scope is controlled by the process. Replication gives rise to persistent behaviour. For instance,
!a(x).P is the process that can receive a name on the channel a arbitrarily many times, each
time producing a copy of the continuation P with the received name bound to x. Links x → y
provide a primitive form of forwarding, a process trying to interact on x can instead interact
with a process on y, one might also think of it as a way to express renamings of names.

The choice of bisimulation in the π-calculus is to a large extent arbitrary. Many distinct
definitions have been proposed including early-, late-, and open-bisimulation. Each reflecting
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subtle differences in how input actions and substitutions are handled. Furthermore, most bisim-
ulations for the π-calculus are not a congruence. However, in the case of the πI-calculus, this
ambiguity disappears. Due to the duality of input and output actions, distinctions between
early-, late-, and open-bisimulation collapse, and the definitions for them coincide. Even better,
this definition of a bisimulation forms a congruence, making it a conceptually cleaner choice.

Another reasoning for the choice of using πI-calculus to encode CBPV in, was that we
realised, while encoding CBPV to the π-calculus, that free outputs was not necessary. Since
πI-calculus is a smaller calculus, since it has just removed free output, it is a strictly stronger
result to encode it to πI-calculus than to the standard π-calculus.

The set of processes Proc denotes the set of processes built from the formation rules in
Definition 4.1, where a,b,c,x,y,z · · · ∈ Names, a countable infinite set of names. The πI-calculus
as it was originally presented by Sangiorgi in [20], varies slightly to what we present here, as we
have opted to use replication and links rather than constant application. Had we chosen to use
constant application, the constants we would need to encode CBPV would simply be replication
and links. As such, for our purpose, one might simply embed these constants into the calculus
itself. This seemed reasonable, especially since replication is a well established alternative to
constant application in other variations of the π-calculus. We note that (x⃗) refers to a list of
names, meaning (x⃗) = (x1,x2, . . . ,xn), and use x⃗1 to denote the first element in the list, and x⃗n

to be the last.

Definition 4.1 (Syntax of πI-calculus).

P,Q ::= a(x⃗).P | a(x⃗).P | (νx)P | !P | x⃗ → y⃗ | P |Q | 0

By abuse of notation, we will usually remove any 0 suffix, which means that a(x) should
be read as a(x).0. In a similar manner we also omit parallel 0’s, so P | 0 will be written as
P . Lastly, we may also write (νa,b)P to mean (νa)(νb)P . We define the notion of substitution
({x/y}), bound names (bn), free names (fn), subjects and objects in the usual way. We define
names (n(P )) as the union of bound names and free names in P .

We present a labeled transition semantics, where transitions are of the form P
µ→ P ′. Labels

µ ∈ Action are defined in Definition 4.2, and the set of valid transitions is given by the transition
rules in Definition 4.3. For the sake of brevity, the symmetric versions of the (Com), (Par)
and (Close) rules have been omitted. We denote the dual of an action µ by µ, a(x⃗) = a(x⃗),
a(x⃗) = a(x⃗), and τ = τ . The actions represent the observable behaviours of processes: a(x⃗)
represents an input action where a process can receive a tuple of names on channel a, a(x⃗)
represents an output action where a process can send a tuple of names on channel a, and
τ represents an internal, unobservable action resulting from communication between parallel
processes.

Definition 4.2 (Actions in the πI-calculus).

µ ::= a(x⃗) | a(x⃗) | τ
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Definition 4.3 (Labeled transition semantics for theπI-calculus).

(In)
a(x⃗).P a(x⃗)→ P

(Out)
a(x⃗).P a(x⃗)→ P

(Par) P
µ→ P ′

P | Q
µ→ P ′ | Q

bn(µ)∩fn(Q) = ∅

(Com) P
µ→ P ′ Q

µ→ Q′

P | Q
τ→ (νx⃗)(P ′ | Q′)

µ ̸= τ, x⃗ = bn(µ)

(Res) P
µ→ P ′

(νx⃗)P µ→ (νx⃗)P ′
x⃗∩n(µ) = ∅

(Link)
x → y | x(⃗a).y(⃗b).(⃗b1 → a⃗1 | . . . | b⃗n → a⃗n) µ→ P ′

x → y
µ→ P ′

(Rep)
P | !P µ→ P ′

!P µ→ P ′
(Alpha) P ≡α Q Q

µ→ P ′

P
µ→ P ′

Compared to the π-calculus with which some readers may be more familiar, an interesting
aspect about the πI-calculus is that communication is now an agreement on the choice of name.
By this we mean an output action cannot simply send a name to be used in a substitution in
another process, in fact as some might have noticed, there is no substitution. Instead, as seen in
the (Alpha) rule, alpha conversion can be used to make processes agree on a name. The processes
a(x).x(u) and a(y).y(v) can communicate, by using the (Alpha) and (Com) rules to agree on a
name. By alpha converting both x and y to the name z, one gets the process (νz)(z(u) | z(v)).

Another rule that stands out is the (Link) rule. The idea behind a link is that when you
send a name to a link, a pointer to the received name is sent.

We will write ⇒ as the transitive and reflexive closure of τ→, and write P
µ⇒ P ′ to mean

P ⇒ Q
µ→ Q′ ⇒ P ′.

A useful definition is that of barbs. Processes having no outgoing barbs is a notion that will
come up once we present Theorem 1.
Definition 4.4 (Barbs). Let P be a process. We say that P has an outgoing barb on a, written
P ↓a, if P can immediately perform an output action on the channel a. That is, there exist
names x⃗ and a process P ′ such that P

a(x⃗)−−→ P ′.
Similarly, we say that P has an incoming barb on a, written P ↓a, if P can immediately

perform an input action on the channel a. That is, there exist names x⃗ and a process P ′ such
that P

a(x⃗)−−→ P ′.
We say that P has no outgoing (incoming) barbs if ∀a.¬P ↓a (∀a.¬P ↓a).
In the πI-calculus, early, late, and open bisimilarity coincide, and bisimilarity is a congru-

ence. This removes one of the usual choices involved in selecting a behavioural equivalence for
the target calculus. [21] We opt to use weak bisimulation as it abstracts from internal computa-
tion steps. Since one CBPV reduction may be simulated by several internal τ -transitions in the
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πI-calculus, we compare processes by allowing such internal steps before and after observable ac-
tions. The observable actions are the process barbs, namely its externally visible communication
capabilities.
Definition 4.5 (Weak bisimulation). A symmetric relation R on πI-calculus processes is a weak
bisimulation if PRQ implies:

• whenever P ⇒ P ′, there exists a Q′ s.t. Q ⇒ Q′ and P ′RQ′.
• whenever P ⇒µ P ′, where µ ̸= τ and bn(µ) ∩ fn(Q) = ∅, there exists a Q′ s.t. Q ⇒µ Q′

and P ′RQ′.
We say that two processes P and Q are weakly bisimilar, written P ≈ Q, if PRQ, for some

weak bisimulation R.
We will use some bisimilarity laws to rewrite processes while preserving bisimilarity. The

rules relevant to this paper are presented in Lemma 4.1; they serve both to highlight the inter-
esting aspects of processes and to justify the use of appropriate lemmas.
Lemma 4.1 (Bisimilarity laws).

(νx)(P | Q) ≈ P | (νx)Q if x /∈ fn(P )

(νx)0 ≈ 0

(νy)(!y(x).P ) ≈ 0

(νy)(yx.P ) ≈ 0

(νy)(νx)P ≈ (νx)(νy)P

(νx)(P | (x → y)) ≈ P{y/x} if y /∈ fn(P )

We have omitted the proofs of the bisimilarity laws and instead refer to [27], as they are
straightforward to prove.

Another calculus in which the bisimulation choice becomes clear, is with the asynchronous
π-calculus (Aπ), where ground, late and open bisimulation coincide. [27] In fact for many of the
arguments made for πI, analogous arguments can be made for Aπ. However, we argue that πI
is better suited to work with de Bruijn indices [7], and formalizations where they are used. de
Bruijn indices is a well known way to formalize binders in proof assists such a Rocq. They work
by replacing bound occurances of names with indices pointing to the binder that they are refer-
encing. To handle free occurences various alterations exists, in the locally nameless approach free
occurrences are still represented with names. As such the process a(x).x(y).x(z)|a(x).x(y).x(z),
can be represented in a locally nameless manner as a().0().1()|a().0().1(). An advantage of the
de Bruijn indices is that alpha equivalence comes for free, in the sense that two alpha equivalent
terms must also be syntactically equivalent. This plays very nicely with πI as communication
is based on being able to find an agreement using the (Alpha) rule, and by extension alpha
conversion. It turns out that when using de Bruijn indices the (Alpha) rule becomes redundant
and communication between two processes only occurs if they agree on a syntactic level. This
may sound like one losses some expresive power, as one can not simply use alpha conversion to
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make processes agree on a name. However, when using de Bruijn indices one has to keep track
of indices and correct them when certain transitions occur, by doing this alpha equivalent terms
will always agree. Another benefit of πI in this regard is that it does not use substitution, as
this further complicates this tracking of indices. To summarize πI is well suited for the use of
de Bruijn indices exactly because it relies on alpha conversion and not substitution, two things
that cannot be said about Aπ.

5 Encoding CBPV in the πI-calculus

With the πI-calculus introduced, we proceed by encoding CBPV in the πI-calculus, as seen in
Definition 5.1. Since the polyadic πI-calculus can easily be encoded in the monadic πI-calculus
without loss of generality [20], we gain an encoding in the monadic πI-calculus for free. One
should be aware that in the polyadic πI-calculus, links can communicate with outputs with
varying arity.

Definition 5.1 (Encoding of CBPV in πI-calculus). For two distinct names u,r and a CBPV
term M, where u,r /∈ n(M) the encoding of M in the πI-calculus is defined as:

Jλx.MKr
u = u(e).e(u,r,x).JMKr

u e /∈ fn(M)
JM V Kr

u = (νa,b,c,d)(
a(e).c(x).e(u′, r′,x′)

.(u′ → u | r′ → r | x′ → x)
| JMKb

a

| JV Kd
c

) a,b,c,d /∈ fn(M)∪fn(V )
Jforce V Kr

u = (νa,b)(JV Kb
a | a(y).y(u′, r′).(u′ → u|r′ → r)) a,b /∈ fn(V )

Jreturn V Kr
u = JV Ku

r

JM >>=λx.NKr
u = (νa,b)(JMKb

a | b(x).JNKr
u) a,b /∈ fn(M)∪fn(N)

JV Kr
u = (u(y).Jy := V K) y /∈ fn(V )

Jy := xK =!y(u,r).x(u′, r′).(u′ → u|r′ → r)
Jy := thunk MK =!y(u,r).JMKr

u

The encoding works by simulating each reduction in CBPV, with multiple communications in
the πI-calculus. The main difference between the two calculi is that in CBPV you can substitute
whole values, while in πI-calculus, you can only agree on names. Therefore, to simulate the
substitution of a value, we use "pointers", which can be seen with the notation Jy := V K. One
way to understand this is, that the name y becomes a name that give access to a process that
can simulate V . We utilize two handles, as there are two different constructs in CBPV, that
can substitute, namely application and binding, and in the πI-calculus, we need to be able to
distinguish between the two. Therefore, u is used for applications, and r is the return handle,
used for binding. Notably, Jy := xK is encoded as a way to send a force to the name of the variable,
where a Jy := thunk MK is encoded as a replication of the encoding of M. The intuition is, that
a force will unlock one copy of the encoding of M.
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A small example to help the reader gain intuition behind the encoding, we look at the
encoding of force thunk M . If we encode this, we gain the following process:

Jforce thunk MKr
u = (νa,b)(a(y).!y(u,r).JMKr

u | a(y).y(u′, r′).(u′ → u|r′ → r))
→τ (νa,b)(νy)(!y(u,r).JMKr

u | y(u′, r′).(u′ → u|r′ → r))
→τ (νa,b)(νy)(!y(u,r).JMKr

u|JMKr′
u′ | (u′ → u|r′ → r))

≈ (νu′, r′)(JMKr′
u′ | (u′ → u|r′ → r))

The difference from the encoding of M , and what we reduce down to, is essentially that
the handles u and r in M have been replaced with u′ and r′, but through the links, these can
be used to communicate on u and r. In the πI-calculus, multiple reduction paths may exist,
and different reductions can be applied at different times, leading to variation in the sequence
of computational steps. Despite this non-determinism in reduction, our encoding satisfies a
confluence property: all reduction paths ultimately lead to the same result (up to multiple
unfoldings of replications and links). In fact, at any given moment only a single reduction path
is possible in our encoding, just like in the CBPV semantics (again, up to multiple unfoldings
of replication and links).

Our encoding has an operational correspondence with the original terms in CBPV.

Theorem 1 (Operational Correspondence). Let M,N be terms in CBPV, P,P ′ be processes in
the πI-calculus, and u,r be distinct names s.t. u,r /∈ FV (M)∪FV (N). Then:

1. (Soundness) if M → N then ∃P.JMKr
u ⇒ P and P ≈ JNKr

u.

2. (Completeness) ∀P. If JMKr
u ⇒ P , then ∃N,P ′.P ⇒ P ′ and P ′ ≈ JNKr

u, and M Z⇒ N . Fur-
thermore, if P ̸= P ′ then ∀a.¬P ↓a ∧¬P ↓a.

Theorem 1 expresses that the encoding must be both sound (1) and complete (2). The keen
reader may notice that our notions of soundness and completeness are swapped compared some
parts of the litterature. We use the term soundness to denote that every reduction of a CBPV
term is simulated by reductions of its encoding. Conversely, completeness to denote that every
reduction sequence of an encoded process leads to a process, which matches a reduction between
CBPV terms. Further, we also require from our notion of completeness, that any intermediate
process has no barbs, but can only perform internal reduction steps until it reaches a process
that is bisimilar with an encoding of a term.

5.1 Proving soundness and completeness

In this section we sketch the proof of Theorem 1. The proof of soundness is done by induction
the reduction M → N , where we will highlight the case of (App-1) and outline the rest. The
proof of completeness is done by induction on the struture of an encoded term M , similarly we
alsa highlight a case here namely application and outline the rest. For a full proof we refer to
[3].

Essential to the proof is a substitution lemma that explains how substitution of values in
CBPV is mirrored as name substitution in the πI-calculus.
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Lemma 5.1 (Substitution). Let M be a CBPV term, V a value, x a variable, and u,r distinct
names. Then:

JM{V/x}Kr
u ≈ (νy)(JMKr

u{y/x}|Jy := V K)

Proof of Lemma 5.1. using induction in the structure of M and makes use of the "up-to-bisimilarity"
technique, using the bisimilarity laws presented in 4.1, and in particular that one can move the
restriction (νy) and Jy := V K further inside M while still maintaining bisimilarity with the en-
coding of M{y/x}. The proof then comes down to the base case where M = x, which can be
proven as a simple bisimilarity.

Proof of soundness (1). The proof of soundness, (1), uses induction on the reduction M → N .
This means that for each rule with which M → N can be concluded, we need to show that (1)
holds. We look at the case for the (App-1)-rule, and provide sketches for the remaining cases.

For the (App-1)-rule, we have:

(App-1)
(λx.M) V → M{V/x}

For (1) to hold, it must be the case that J(λx.M) V Kr
u can reduce to a process that is bisimilar

to JM{V/x}Kr
u.

We begin with unfolding the encoding:

J(λx.M) V Kr
u =(νa,b,c,d)(a(e).c(x).e(u′, r′,x′).(u′ → u|r′ → r|x′ → x)

| a(e).e(u′, r′,x).JMKr′
u′ | JV Kd

c)

From this, we get the following reduction:

(νa,b,c,d)(a(e).c(x).e(u′, r′,x′).(u′ → u|r′ → r|x′ → x)
| a(e).e(u,r,x).JMKr

u | JV Kd
c)

→τ (νe)(νa,b,c,d)(c(x).e(u′, r′,x′).(u′ → u|r′ → r|x′ → x)
| e(u,r,x).JMKr

u | JV Kd
c)

→τ (νe)(νy)(νa,b,c,d)(e(u′, r′,x′).(u′ → u|r′ → r|x′ → y)
| e(u,r,x).JMKr

u | Jy := V K)
→τ (νe)(νy)(νu′, r′,x′)(νa,b,c,d)((u′ → u|r′ → r|x′ → y)

| JMKr
u{u′/u,r′/r,x′/x} | Jy := V K)

We now prove that

(νe)(νy)(νu′, r′,x′)(νa,b,c,d)
((u′ → u|r′ → r|x′ → y) | JMKr

u{u′/u,r′/r,x′/x} | Jy := V K)
≈ JM{V/x}Kr

u

We prove this bisimilarity using up-to-bisimilarity. First, we can remove the restriction (νa,b,c,d)
and (νe) using the bisimilarity laws, as there are no longer any occurances of a, b, c, d or e.

(νe)(νy)(νu′, r′,x′)(νa,b,c,d)((u′ → u|r′ → r|x′ → y) | JMKr
u{u′/u,r′/r,x′/x} | Jy := V K)

≈ (νy)(νu′, r′,x′)((u′ → u|r′ → r|x′ → y) | JMKr
u{u′/u,r′/r,x′/x} | Jy := V K)
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We now use the bisimilarity laws, to replace the links with substitutions:

(νy)(νu′, r′,x′)((u′ → u|r′ → r|x′ → y) | JMKr
u{u′/u,r′/r,x′/x} | Jy := V K)

≈ (νy)(JMKr
u{y/x} | Jy := V K)

We use Lemma 5.1 to conclude the following:

(νy)(JMKr
u{y/x} | Jy := V K) ≈ JM{V/x}Kr

u)

With this, we have shown that we can match the reduction in CBPV with 4 reductions in the
πI-calculus, and therefore proved (1), when the reduction is concluded using the (App-1)-rule.

For the (Bind-1)-rule, where return V >>=λx.N → N{V/x}, we unfold the encoding of the
bind and return constructs. The encoding of return V >>=λx.N is:

Jreturn V >>=λx.NKr
u =(νa,b)(Jreturn V Kb

a | b(x).JNKr
u)

=(νa,b)(JV Ka
b | b(x).JNKr

u)

This reduces via communication on channel b to a process where V is substituted for x in N .
We then apply Lemma 5.1 to show that the resulting process is bisimilar to JN{V/x}Kr

u. The
key steps involve unfolding the encoding of V , performing the substitution via links, and using
the bisimilarity laws to clean up the resulting process.

For the (Force)-rule, where force(thunk M) → M , we unfold the encoding of force and
thunk. The encoding of force(thunk M) is:

Jforce(thunk M)Kr
u =(νa,b)(Jthunk MKb

a | a(y).y(u′, r′).(u′ → u|r′ → r))
=(νa,b)((νy)ay.!y(u,r).JMKr

u | a(y).y(u′, r′).(u′ → u|r′ → r))

This reduces via communication on channel a to a process where the thunk is unlocked, and the
resulting process is bisimilar to JMKr

u. The reduction sequence involves unfolding the replication
and links, and then using the bisimilarity laws to show that the resulting process matches the
encoding of M .

For the evolutionary rules (App-2) and (Bind-2), where M → M ′, the proof follows by
induction. We use the inductive hypothesis to show that JMKr

u reduces to a process bisimilar to
JM ′Kr

u. For (App-2), we unfold the encoding of the application and use the inductive hypothesis
to show that the reduction of M can be extended to the full application. For (Bind-2), we
similarly use the inductive hypothesis to show that the reduction of M in the bind construct
results in a process bisimilar to the encoding of M ′ >>=λx.N .

Proof of completeness (2). The proof of completeness proceeds by structural induction on the
encoded term M . Here we focus on the case where M is an application, i.e., M = M ′ V ′, and
sketch the proofs for the remaining cases.

We begin with the encoding of M ′ V ′:

JM ′ V ′Kr
u =(νa,b,c,d)(a(e).c(x).e(u′, r′,x′).(u′ → u|r′ → r|x′ → x)

| JM ′Kb
a | JV Kd

c)

For this process to reduce, there are two possibilities:
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1. Internal reduction in JM ′Kb
a: If JM ′Kb

a performs an internal τ -transition, by the inductive
hypothesis, it will eventually reach a process JNKb

a that is weakly bisimilar to the encoding
of some CBPV term N , without having any barbs. Thus, the entire process JM ′ V ′Kr

u will
similarly reduce to a state bisimilar to JN V ′Kr

u without external communication.
2. Communication with a(e): If JM ′Kb

a can output on channel a, then by inspection of the
encoding rules, M ′ must be an abstraction, i.e., M ′ = λx.M ′′. In this case, the reduction
proceeds as follows:
The input a(e) communicates with Jλx.M ′′Kb

a = a(e).e(u).e(r).e(x).JM ′′Kr
u, resulting in:

(νa,b,c,d)(e(u).e(r).e(x).JM ′′Kr
u

| e(u′, r′,x′).(u′ → u|r′ → r|x′ → x)
| JV Kd

c)

This further reduces through a series of τ -transitions to:

(νy)(JM ′′Kr
u{y/x}|Jy := V K)

By Lemma 5.1, this process is weakly bisimilar to JM ′′{V/x}Kr
u, which corresponds to the

reduction (λx.M ′′) V ′ → M ′′{V ′/x} in CBPV.
Crucially, in all intermediate steps, the channel e remains restricted, so the process cannot
communicate with its surroundings until it reaches a state bisimilar to an encoding of a
CBPV term.

In both cases, we have shown that JM ′ V ′Kr
u reduces to a process bisimilar to the encoding

of a CBPV term, without external communication, thus proving completeness for applications.
For the remaining cases:
• Force: If M = force V ′, the encoding sets up a communication that either unlocks a

thunk (if V ′ = thunk M ′′) or forwards a variable (if V ′ = x). In both cases, the reduction
sequence eventually reaches a process bisimilar to JM ′′Kr

u or the encoding of the value that
x refers to, respectively.

• Return: If M = return V ′, the encoding simply swaps the handles, and the process reduces
directly to a state bisimilar to JV ′Ku

r , which corresponds to the terminal state of return V ′.
• Bind: If M = M ′ >>= λx.N ′, the encoding sets up a communication channel between

JM ′Kb
a and the continuation b(x).JNKr

u. By the inductive hypothesis, JM ′Kb
a reduces to a

process bisimilar to Jreturn V Kb
a for some value V . This then communicates with the

continuation to produce a process bisimilar to JN{V/x}Kr
u, matching the CBPV reduction

M ′ >>=λx.N ′ → N{V/x}.
In all cases, the process cannot communicate with its surroundings until it reaches a state

bisimilar to an encoding of a CBPV term.

6 Gorla’s properties of encodings
In [9], Daniele Gorla presents 5 properties to evaluate the quality of encodings between process
calculi. These properties are also relevant for our encoding, even if CBPV is not a process
calculus of this kind, and we here formulate a version of Gorla’s properties in Definition 6.1.
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We let M 7→ω denote divergence, i.e. that M has an infinite reduction sequence and let
P →ω denote the same property for processes.

For us to be able to define all of the properties, we also need to define what it means for
a term to be successful. For a CBPV term, we define this to be a value. In the πI-calculus, a
successful term is one that has an outgoing barb on the handle u to a pointer x, and having a
subprocess Jx := V K, that is not restricted on x.
Definition 6.1 (Properties of encodings). Let u,r be distinct and free in the corresponding term,
then an encoding J·Kr

u of CBPV in the πI-calculus, should satisfy the following:

1. (Compositionality) An encoding J·Kr
u is compositional if, for every term constructor o of

terms in CBPV, there exists a context C and a set of names N = {n1, . . .nm}, such that
Jo(M1, . . . ,MkKr

u = C[JM1Kn2
n1 ; . . . ;JMkKnm

nm−1 ].
2. (Name invariance) An encoding J·Kr

u is name invariant, if, for every term M , and every
substitution of variables σ in CBPV, we have a corresponding substitution σ′ in the πI-
calculus, such that Jσ(M)K ≈ σ′(JMK).

3. Operational correspondence) An encoding J·Kr
u is operational correspondent if it is:

• (Sound): For all M ⇒ N , JMKr
u ⇒ P and P ≈ JNKr

u.
• (Complete): For all P where JMKr

u ⇒ P , there exists an N so that M Z⇒ N ′ and
P ⇒ P ′ and P ′ ≈ JNKr

u

4. (Divergence reflection) An encoding J·Kr
u reflects divergence, if for every M where JMKr

u →ω,
it holds that M 7→ω.

5. (Success sensitiveness) An encoding J·Kr
u is success sensitive if, for every M , it holds that

M Z⇒ V if and only if ∃y.JMKr
u ⇒ P and P

yv→ P ′.

We now proceed with a proof sketch for each criteria, proving that our encoding sitsifies
Gorla’s criteria.

Compositionality Our encoding is compositional. For every term constructor o of terms in
CBPV, there exists a context C and a set of names N = {n1, . . .nm}, such that Jo(M1, . . . ,Mk)Kr

u =
C[JM1Kn2

n1 ; . . . ;JMkKnm
nm−1 ]. This follows directly from the definition of our encoding (Defini-

tion 5.1), where each constructor is encoded as a process context surrounding the encodings
of its subterms. For example, the encoding of an application JM V Kr

u is defined as a parallel
composition of the encodings of M and V within a restricted context.

Name invariance Our encoding is name-invariant. For any CBPV term M and substitution
σ of variables in CBPV, there exists a corresponding substitution σ′ in the πI-calculus such
that Jσ(M)Kr

u ≈ σ′(JMKr
u). This holds because our encoding uses fresh names for internal com-

munication (e.g., a,b,c,d in the encoding of applications) and preserves the structure of free
variables. The handles u and r are treated uniformly, and substitutions in CBPV translate
to name substitutions in the πI-calculus without altering the behavioural equivalence of the
encoded process.

Operational correspondence Our encoding satisfies operational correspondence, which consists
of two sub-properties: soundness and completeness, as proven in Theorem 1.



B. Bennetzen, H. Hüttel, N.R. Kristensen & P.B. Steffensen 15

Divergence reflection To prove that our encoding satisfies divergence reflection, we prove the
contrapositive: if M ̸7→ω, then JMKr

u ̸→ω. If M does not diverge, it reduces to a terminal
value in n steps. We show that JMKr

u reduces to a final process within a bounded number of
steps. From the completeness proof, we know that no infinite reductions are introduced; each
process terminates in finitely many steps to a process weakly bisimilar to an encoding of a
term. The soundness proof shows that each reduction in CBPV can be simulated by a finite
number of steps in the πI-calculus. While each use of Lemma 5.1 may hide an extra reduction
(due to introduced links), the outermost level requires at most 4 reductions to match a CBPV
reduction, with future reductions potentially requiring up to 1 additional step. For terms like
force x, there are 2 reductions in the πI-calculus even though n = 0. Accounting for these, we
bound the number of πI-calculus reductions to reach a final process by (4+n) ·n+(n+2), where
n is the number of CBPV reductions. This establishes that JMKr

u →ω implies M 7→ω.

Success sensitiveness Our encoding is success-sensitive. A CBPV term M reduces to a value
V if and only if JMKr

u reduces to a process that can output a pointer on the return handle
u. Specifically, M Z⇒ return V if and only if ∃y.JMKr

u ⇒ P and P
uy→ P ′. By inspection of

the encoding, this is indeed the case: in all other scenarios, either restrictions prevent sub-
processes from outputting on the u handle, or such an output is behind a prefix. Furthermore,
the soundness and completeness proofs demonstrate that an encoding only reduces to a process
weakly bisimilar with the encoding of a value if the original term reduces to a value.

7 Correspondence with the original encodings by Milner
In [14], Milner encodes both CBV and CBN in the π-calculus. We do not claim that our encoding
reproduces those processes syntactically, but there is a close behavioural correspondence once
Levy’s encodings into CBPV are composed with our encoding into the π-calculus. In particular,
the variable and abstraction clauses line up closely in both the CBN and CBV cases, while the
extra handle structure of our πI-calculus translation explains the remaining mismatch.

For reference, Milner’s direct encodings are as follows.
Definition 7.1 (Milner’s encoding of the CBN λ-calculus).

LJxKu = xu

LJλx.MKu = u(x).u(q).LJMKq

LJM NKu = (νq)(LJMKq | q(x,r).(!x(s).LJNKs | ru))

Definition 7.2 (Milner’s encoding of the CBV λ-calculus).

EJxKp = px

EJλx.MKp = (νy)(py |!y(x,q).EJMKq)
EJM NKp = (νq)(EJMKq | q(f).(νr)(EJNKr | r(v).fv,p))

The similarities can be seen most clearly in the variable cases. For CBN, Milner’s encoding
forwards the variable directly on the result channel, whereas our double encoding first forces
the variable through a CBPV thunk and then exposes it on the two handles used by our πI-
calculus encoding. After the intermediate reductions, the resulting process has the same shape
as Milner’s direct encoding, up to the extra handle.
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For instance, the CBN variable case gives

J N JxK Kr
u = Jforce xKr

u ≈ (νs)(xs | su.sr),

which is the same direct forwarding pattern as Milner’s encoding, but with the additional handle
used by our πI-calculus translation.

The same pattern appears for CBV. Variables are still passed through with minimal change,
but abstractions acquire the additional thunk and return structure introduced by Levy’s encod-
ing of CBV into CBPV. The resulting πI-calculus process still follows Milner’s pointer-passing
shape, but with the extra structure required by the intermediate CBPV layer.

For CBV, the variable case is even closer:

J VJxK Kr
u = Jreturn xKr

u = JxKr
r,

so the only difference from the direct Milner-style variable encoding is that the intermediate
translation uses the second handle. By contrast, abstractions are necessarily larger because

Jλx.MKv = return thunk λx.JMKv,

so the resulting πI-calculus term reflects the additional thunking and return steps introduced
by the CBPV layer.

Thus the composition of Levy’s encodings with ours, does not lead to literal process equality
with Milner’s encodings. Rather, it is an explicit correspondence at the level of behaviour. The
direct encodings and the CBPV route lead to processes that behave in closely related ways, and
the remaining differences are explained by the intermediate translation.

8 Conclusion

In this chapter, we summarize the results of our work and discuss future work, that could follow
the results presented in this paper.

8.1 Results

We have presented an encoding of a reduced version of CBPV in the πI-calculus, and proven that
this encoding is both sound and complete. Our encoding demonstrates that the πI-calculus is
expressive enough to capture CBPV, unifying call-by-value and call-by-name in a single process
calculus framework. Further, it simplifies formal reasoning due to πI-calculus’s clean bisimula-
tion theory.

We adapted Gorla’s properties [9] for a good encoding to fit within the context of CBPV,
and proved that our encoding satisfies these properties. This means that our encoding closely
simulates the behaviour of CBPV, with both divergence and termination.

Lastly, when composing with Levy’s encoding [12] of CBN and CBV in CBPV, with our
encoding of CBPV in πI-calculus, there seems to be a behavioural correspondence the encodings
introduced by Milner in [14]. Meaning, if we instead encode CBV or CBN to CBPV, and then
use our encoding to encode in the πI-calculus, we would reach a process that behaves similarly
to the process obtained by directly encoding CBV or CBN in the π-calculus.



B. Bennetzen, H. Hüttel, N.R. Kristensen & P.B. Steffensen 17

8.2 Future work

Part of the reason for using πI-calculus was it relationship with formalizations, especially when
using De Bruijn indices. Future work would include a formalization of the current results. In
the extended work we have already begun to formalize the results in Rocq. The formalization
in still in the early stages, much of the skeletons of the proofs have been been made an proven,
though with a dependency on a lot of lemmas that still remain to be proven.

Another approach to extend the work in this paper could be to extend our encoding, to also
include more of the original constructs in Levy’s CBPV. These constructs allow more advanced
CBN and CBV to be encoded in the CBPV, and then with an extended encoding of the CBPV,
a unified encoding of these extended paradigms could then be made in the πI-calculus.

One could also look into typing our encoding. We suspect that there is a possible correspon-
dence between the type system of CBPV, and a receptiveness type system for the π-calculus,
such as the one presented in [24], as well as a polyadic type system. We believe this, since the
places where there would multiple outputs on the same channel, is in cases such as JV V ′Kr

u,
which would also be ill-typed in CBPV.

Lastly, a nice property of an encoding is also that it preserves equivalence. In [18], they
present a formal equational theory for CBPV. We conjecture that if two CBPV term M,N are
bisimilar, then JMKr

u ≈ JNKr
u. However, we leave it as future work to actually prove that this

holds.
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