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In concurrent languages, a common way of defining the reference behavioural equivalence is barbed
congruence, as the context closure of barbed bisimilarity. In barbed bisimilarity, a bisimulation
game is played on reductions and the only observables are the barbs indicating the possibility of
emitting an output at a given name. To reason about barbed congruence one however looks for direct
characterisations, without quantification over contexts. In common process calculi such as plain
CCS or zm-calculus, or their asynchronous variants, these characterisations yield the familiar labeled
bisimilarity.

In calculi where processes have finite size, when abstracting from internal reductions, and there-
fore adopting weak forms of behavioural equivalence, these characterizations of barbed congruence
as bisimilarity are proved on restricted classes of processes, usually image-finite processes. The
question of whether barbed congruence coincides with labeled bisimilarity has remained long open,
and then solved by Fournet and Gonthier on asynchronous calculi. Their proof is clever but also long
and complex; indeed up to now it has not been replicated in other calculi, as far as we know.

This paper proposes the use of weighted barbs in place of ordinary barbs. This refinement allows
for simpler comparisons with labeled bisimilarities while resulting in the same barbed congruence.
We consider four such refinements, for asynchronous and synchronous process calculi, in CCS and
m-calculus.

1 Introduction

In programming language semantics, the reference behavioural equivalence is usually contextually de-
fined, exploiting a notion of success. In a sequential setting, the success predicate is usually inductive,
yielding the so-called Morris-style contextual equivalence. In a concurrent setting, success is often de-
fined coinductively using (the context closure of) barbed bisimilarity, called barbed congruence [6, |3l
Contextually-defined relations are hard to handle because of the heavy quantification over all contexts.
Hence one looks for direct characterizations, using labelled transition systems. For Morris-style contex-
tual equivalence, one usually thus obtain trace equivalence. For barbed congruence one usually obtains
ordinary (strong) bisimilarity.

For concrete applications, it is important to abstract from internal process reductions, and therefore
adopting weak forms of barbed congruence and bisimilarity. In m-calculus, the usual method to prove
characterization of barbed congruence as bisimilarity is to use a stratification of the bisimilarity and
show that each layer includes barbed congruence [4, 8]. However, bisimilarity only coincides with the
intersection of its stratifications on a restricted class of processes, such as the image-finite processes.
It is not a limitation for strong bisimilarity as all processes of finite size are image-finite under strong
transitions, this is not the case for weak transitions, hence with this method the characterization of barbed
congruence as weak bisimilarity can only be shown on image-finite processes.
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2 Weighted barbed congruence

In paradigmatical process calculi such as w-calculus and asynchronous 7-calculus [[8], without infini-
tary features such as infinite sums [7]] or infinite recursive definitions (e.g. [1]]), the question of whether,
in the weak case, barbed congruence coincides with labeled bisimilarity on the whole language has been
long open. The question was settled by Fournet and Gonthier [2] for asynchronous calculi. However,
their proof, though very clever, is long and complex; indeed it has not been replicated for any other cal-
culi, as far as we know. Moreover, their proof relies on an encoding of the integers, therefore the proof
cannot directly apply to languages that do not have such expressive power like asynchronous CCS [4].

In this paper, we propose an alternative to the usual barbs, namely weighted barbs. In the usual
definition, a process P has barb at a, written P |},, when P is capable of emitting an output at a, i.e.,
for asynchronous CCS we have P ==a | Q, for some Q, where = designates the structural congruence.
Weighted barbs allow us to test the multiplicity of the barbs, for example P || holds if P=>=a|a|a|Q
for some Q. In other words, we view barbs as a multiset rather than a plain set. We show that the
modification of the notion of barb does not affect the resulting barbed congruence. However, we show
that the additional observational power can be used to obtain an easier and more robust method to prove
coincidence with labeled bisimilarity.

Observing the multiplicity of actions in concurrency usually brings into the realm of true-concurrency
semantics; however, in an asynchronous setting in which output particles have no continuations, observ-
ing barb multisets does not conflict with the interleaving semantics. In synchronous calculi, in contrast,
we cannot use the above definition for weighted barbs. For example it would distinguish the terms @ | @
and a.a, which are bisimilar. For these calculi, we propose a different refinement of barbs: we allow
communication of natural numbers along the names used to produce barbs, and we observe such natural
numbers.

In order to prove characterizations of barbed congruence as bisimilarity we will build universal dis-
tinguishing contexts, meaning contexts that can simulate any bisimulation game for a certain class of
processes; we then show that if two processes are barbed bisimilar under a certain universal distinguish-
ing context then they are bisimilar. Using the weighted barbs, these universal distinguishing contexts will
be able to track the depth at which the corresponding bisimulation game is played (and thus force syn-
chronization between the two processes during the barbed-bisimulation game) as well as which actions
each context is allowing in the bisimulation game.

We showcase our proof method on different process calculi, both asynchronous and synchronous.
We start by the simple language of asynchronous CCS where a very concise process is able to play the
role of universal distinguishing observer. Then we show how the method is adapted to synchronous
calculi by considering synchronous CCS with value-passing. Then we show how the method can handle
the creation of new names during the execution by considering the asynchronous m-calculus. And finally
we show how both adaptations can be combined by considering the synchronous m-calculus.

1.1 Preliminary notions

In this paper we consider different process calculi. Processes will be ranged over by P,Q, R, . ..; these pro-

cesses manipulate names (or channel names) in the countable set Names = {a,b,..., f,g,...,%,Y,..., D, q,... }.

Each calculus uses a countable set of actions Act = {, 3,7, ...} for its transition semantics. In some of
the calculi we consider the processes also manipulate natural numbers, ranged over by n,m,...,i, j,....
We present all these calculi here as they have many similarities. In later sections only one calculus will
be considered in each section so that the sorting of names stays clear.
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Asynchronous CCS The first process calculus we consider is asynchronous CCS [4]. In CCS, pro-
cesses communicate through outputs and inputs with or without value-passing. The variant of CCS
considered here is asynchronous and does not have value passing. Asynchrony means that the output
particles do not have continuations; they can be consumed whenever an input on the same channel name
is available.

The processes of asynchronous CCS follow this syntax:

P,Q :=a|M|P|Q|vaP|IP
M.N :=0|a.P|t.P|M+N

Its semantics is described by a transition relation 2, where a is an action. Instead of recursive
definitions that are often used in CCS, we chose to use the replication operator !P. This choice was
made to keep proximity with the z-calculus and because we do not need the expressive power offered
by recursive definitions. A replicated process !P is meant to be always available even after performing
some action, i.e, if P~ Q then !P % Q | IP. The other transitions are standard and left to Appendix

In asynchronous calculi, the choice operator can only be used for processes prefixed by an input or
a T-action (or another choice, or 0). In the following we will need internal choice between processes
having outputs at top level. Internal choice P @ Q is syntactic sugar for 7.P + 7.Q. This means that
instead of reducing directly as P+ Q % Rif P2 R the choice will be done internally with a 7 action
before performing o, P& Q — P = R.

Synchronous CCS with value-passing Another variant of CCS we consider is synchronous CCS with
value-passing [4]. Compared to the previous variant, output particles are now allowed to have continua-
tions and channels can communicate natural numbers.

The processes of synchronous CCS with value-passing follow this syntax:

m:=a(n)|a(n)|t
PO ::M‘P | Q‘VaP‘ !P‘ ifn=mthenPelseQ
M.,N :=0|n.P|M+N

Its semantics is described by a transition relation — where ¢ is an action. The actions now have
the form a@(n),a(n). When adding value-passing, we also add an if then else operator to branch de-
pending on natural numbers. The transition relations are similar to the ones in asynchronous CCS (see
Appendix for the rules of the transition relation).

Asynchronous 7-calculus Another process calculus we consider is the asynchronous w-calculus [8]].
m-calculus is more complex than CCS in that the channels can be used to communicate channel names
and a process can generate new names throughout its execution. The variant of w-calculus we consider is
asynchronous, hence we have the same constraint as for asynchronous CCS that output particles do not
have continuations.

The processes of asynchronous 7-calculus follow this syntax:

P,Q :=a(b)|M|P|Q|vaP|!P
M,N :=0|a(b).P|7.P|M+N|[x=y]M
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Its semantics is described by a transition relation — where o is an action. We use an early transition
semantics, meaning that when an input is performed, the name received is used to instantiate the param-

eter of the input particle: a(c).P ﬂ P{b/c}. The other rules of the transition relations are standard and
left to Appendix[A.3|

The calculus considered also has the matching operator [x = y] P that was not present in asynchronous
CCS. With this operator, the process P can only perform actions when x and y are the same channels.
This means that [x = y| P 2, 0 is only possible when x = y. This operator is useful when combined with
the choice operator as in Q + [x = y] P where the second branch can only be chosen if x = y.

As in asynchronous CCS, we use the internal choice P & Q as syntactic sugar for 7.P+ 7. Q.

For simplicity, we assume that some names do not communicate any channels even though we use
the same meta-variables as for other names, i.e. actions on these names are a and a. These names are the
ones we use to generate barbs. We sometimes also use these names when the additional communicated
channel would be irrelevant.

Synchronous 7-calculus The final calculus we consider is the synchronous m-calculus [8]. As in
synchronous CCS with value-passing processes can use output as prefix and exchange natural numbers.
The processes of synchronous 7-calculus with natural numbers follow this syntax:

m :=a(n,b) |a(n,b)|t|x=y|®
P,Q ::M‘P | Q‘VaP‘ !P‘ ifn=mthenPelseQ
M.,N :=0|n.P|M+N

The actions now have the form a(n)(b) for bound-outputs, a@(n,b) for free-outputs and a(n,b) for
inputs. We also have the if then else operator to branch depending on natural numbers. Otherwise the
transition semantics is similar to the one for the asynchronous 7-calculus. We refer to Appendix [A.4]for
the complete transition relation rules.

Similarly as for asynchronous m-calculus, we assume that some names only communicate natural
numbers even though we use the same meta-variables as for other names, i.e. actions on these names are
a(n) and a(n). These names are the ones we use to generate barbs. We sometimes also use these names
when the additional communicated channel would be irrelevant.

Standard equivalences We define here the different equivalences for process calculi. These definitions
are the same for all the calculi we consider but are instantiated with different processes and different
actions. These equivalences are weak; this means that they abstract from internal process reductions.
Weak transitions are defined as follow: We write = for the reflexive and transitive closure of i>; and for

an action o we write P = QifP =% 0.

We write P |, to indicate the possibility for P to exhibit a barb at a, possibly after some reductions.
This means that there exists P’ such that P = P’ and P’ has an unguarded occurence of a.

Structural congruence, written =, is a syntactic congruence on processes. It states for example
that the parallel composition and the choice operator are associative and commutative. It also states
that restrictions can be commuted and moved around as long as doing so does not create free names:
va(P | Q) = (vaP) | O when a ¢ £n(Q). Processes are considered up to =, which allows us to write
n-ary parallel compositions, written [];c; P, and restriction of tuples of names, written VaP. The rules
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for structural congruence are described in Appendix [B]

In process calculi, the reference behavioural equivalence is usually barbed congruence:
Definition 1 ((weak) Barbed bisimilarity and congruence).
* A symmetric relation & is a barbed bisimulation if for all processes P, Q such that PZQ:
— If P = P’ then there exists Q' such that Q = Q' and P’ ZQ’
— For any name q, if P |}, then also Q |,
e Barbed bisimilarity, written =, is the largest barbed bisimulation.
* Two processes P, Q are barbed congruent, written P ~ Q, if for all contexts C, C[P] ~ C[Q].

Another variant of barbed congruence that is sometimes considered is open barbed bisimilarity [3]]:
the equivalence defined as the largest barbed bisimulation that is a congruence. When proving character-
isation of open barbed bisimilarity with bisimilarity, there are no issues with image finiteness as barbed
congruence is both a barbed bisimulation and a congruence.

The usual characterization of barbed congruence is given by bisimilarity:

Definition 2 ((weak) Bisimilarity).

* A symmetric relation % is a bisimulation if for all processes P, Q such that PZQ for any action «,
if P2 P’ then there exist Q' such that O = Q' and P’ ZQ'

* Bisimilarity, written ~2, is the largest bisimulation.

In synchronous m-calculus, bisimilarity does not directly coincide with barbed congruence, to obtain
the characterization we need to take the closure under substitutions of bisimilarity. In fact, the equiv-
alence that coincides with bisimilarity is barbed equivalence. It is a well known result that the closure
under substitutions of bisimilarity is the largest congruence included in bisimilarity. When considering
synchronous 7-calculus, we will focus on the coincidence between bisimilarity and barbed equivalence.

Definition 3 (Barbed equivalence). Two processes P, Q are barbed equivalent, written P = Q, if for all
processes R and tuple of names d, va(P | R) ~ va(Q | R).

2 Weighted Bards

In this section we introduce two notions of weighted barbs, one for asynchronous calculi and one for
synchronous calculi. We also show that the resulting barbed congruence coincides with the usual one
and sketch a proof of characterisation of barbed congruence as bisimilarity using weighted barbs.

We start with the definition of weighted barbs for asynchronous calculi.

Definition 4 (Weighted barbs for asynchronous calculi). We say that a process P has weighted barb at
a", written P |}, if there exists Q such that P==a|...|a| Q.
N——

n times
This definition does not impose that n is unique: if P ||} and m < n, then P |})} also holds. For
synchronous calculi this definition would not make sense as output particles can have continuations and
it becomes difficult to observe syntactically what multiplicity to give to certain barbs. For example: Does
the process P = @.7.a have only have barb a' or also a?? Its asynchronous counterpart could be written
a | T.a@ which can reduce to @ | @ and therefore has barb at a>. In contrast, P needs to perform some
internal reduction between the two outputs at a and therefore one could argue that it should only have
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barb at a'. Another issue, is that if we wanted to count for example the number of unguarded barbs, the
test on barbs would discriminate @.@ and @ | @ which are bisimilar. These are the kind of problems that
bring into the realm of true-concurrency semantics, where actions can occur at the same time instead of
allowing the different interleavings of these actions.

To settle these issues, we require that the barb in itself provides explicitly its weight by communicat-
ing a natural number. Hence the following definition:

Definition 5 (Weighted barbs for synchronous calculi). We say that a process P has weighted barb at a”,
written P |7, if there exists Q such that P = Q and Q has an unguarded occurence of a(n).

We can now instantiate the usual definition of barbed congruence with weighted barbs to replace
barbs.

Definition 6 (Weighted barbed bisimilarity and congruence).
* A symmetric relation & is a weighted barbed bisimulation if for all P, Q such that PZQ :
— If P = P’ then there exists Q' such that Q = Q' and P’ ZQ’
— For any name a and natural number n, if P |}/ then also Q |/
¢ Weighted barbed bisimilarity, written /2, is the largest weighted barbed bisimulation.

 Two processes P, Q are weighted barbed congruent, written P ~, Q, if for all contexts C, C[P] =,
Clol.

» Two processes P, Q are weighted barbed equivalent, written P =, Q, if for all processes R and tuple
of names @, va(P | R) ~, va(Q | R).

In order to understand how these weighted barbs can help us with proving the characterisation of
barbed congruence as bisimilarity, let us take a look at the usual method used to make this proof. The
inclusion of bisimilarity in barbed congruence usually follows from bisimilarity being a congruence, this
part of the proof is not impacted by the use of weighted barbs. We focus on the inclusion of barbed
congruence in bisimilarity :

1. Bisimilarity is stratified in relations ~" where bisimulation games are played up-to depth n, and

the relation ~® is defined as the intersection of all the ~". Thus P ~® Q means that for any fixed
n, P and Q cannot be distinguished by a bisimulation game up-to depth n

2. ~® is shown to coincide with ~ for image-finite processes

3. For two image finite processes P, Q such that P % Q, there exists n such that P£"Q and therefore
there exists a bisimulation game of length at most n that distinguishes P and Q

4. One defines inductively a context that follows this bisimulation game and can distinguish P and
Q within barbed bisimulation. Hence P 2 Q. In this inductive construction we need the image-
finiteness hypothesis in order to have a finite number of induction hypotheses to apply and keep a
finite context.

We can see that there are two places where image-finiteness is important, in points (2) and (4), so if
we do not want to require image-finiteness we need to focus on these two points.

In point (4), one solution is to build a universal context. This means that instead of only testing
the actions from the bisimulation game, the context will be able to test all possible actions. This set of
actions is finite because the number of free names in the processes is finite. This way, we will only need
one induction hypothesis for all the possibles images of the processes as their free names are bound by
their previous free names and the names present in the action performed.



L. Quémerais 7

In point (2), this restriction to image-finite processes means that we need to consider infinite bisim-
ulation games. This was handled by Sangiorgi [7]] using transfinite induction, however this technique
required the use of choices between infinitely many processes and we want to keep the processes finite.
The solution we consider is to transform the previous induction steps when building the universal context
into recursion steps of the context. Most of the operations performed in the induction proof can be per-
formed at the process level without too many difficulties. However one operation that cannot be done is
generating fresh names that can be used to perform barbs. This is where weighted barbs come into play:
while keeping the number of available names finite, weighted barbs give access to an infinite number of
different barbs.

The weighted barbs can, for example, be used to count the depth at which the bisimulation game is
simulated by the context and thus distinguish two different iterations of the recursions on the context.

For each of the calculi considered, we show that we can build contexts that will relate weighted
barbed bisimilarity with barbed bisimilarity.

Lemma 7. For any processes P,Q, there exist a tuple of names a and a context C such that if va(P | C) ~
va(Q | C) then P =~ Q.

Proof. We start with the asynchronous case. We show it for processes that can only make weighted
barbs on one name b, the general case can be deduced from this one through a simple induction. Let

xy ¢ fn(P,Q)
F:= f1.0] /.X]| 35| 10.(f1.G1 D f2.G2® f3.G3)

Go:=[i®ohof G :=hHof3 G =10/ Gy =10/

C:= Vflaf27f3 (F ’ GO)

We show that for any n,m, P,Q,i, j such that P |}, P 7' 0 U7, Q Wt if (n,i) # (m, j) then vb(P |
F | G;) % vb(Q | F | Gj). This is shown by induction on n and m, the idea being that (considering m > n)
vb(Q | F | G;) can reduce to some Vb(Q' | F | Gy) such that if m = n then @' |}, Q' If;™! and k # i and if
m = n, without loss of generality assuming i 0 then Q ll’;’l ,O ¥}, and k = i, this way for any reduction
of vb(P | F | G;) either the new n will be different from m — 1 or the new i will be different from .

We conclude by showing that {(P,Q) | x,y ¢ £n(P,Q) and £n(P,Q) = {b} and vO(P | C) = vb(Q | C)}
is a weighted barbed bisimulation.

For the synchronous case, all we need to do is to build a process that synchronizes with the output
a(n) and generates n outputs on b where b is taken fresh and combine it with the previous context C.
This process is the following :

la(n).ifn =0thenOelse (b |a(n—1))
O

From this result we can deduce that for each of the calculi we consider we have that weighted barbed
congruence coincides with barbed congruence and weighted barbed equivalence coincides with barbed
equivalence.

Theorem 8 (Weighted/non-weighted).

o Y
===
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3 Asynchronous CCS

The goal of this section is to prove that weighted barbed congruence is included in bisimilarity in asyn-
chronous CCS using universal distinguishing contexts that simulate bisimulation games.

We chose to start with asynchronous CCS as it is the simplest of the calculi we will consider. This
is mainly because a process cannot introduce new free names; bound names can be introduced using
restrictions but the actions of these names will not be observed by any bisimulation game. Therefore, we
can build universal contexts to test only a fixed, finite set of actions A. The role of the context will be to
choose one action & € A and provide the dual of that action for the tested process to synchronize with
(in practice we will assume that if ¢ € A then so is the dual of o, so we directly provide the action ).
However, when comparing two processes, we need to ensure that each instance of the context chooses the
same action to provide. To do so we use unique barbs for each action in order to distinguish the processes
when two different actions were chosen; for this we take a finite set of fresh names X4 = {xo | @ € A}
(with | A |=| X4 |). We do not need to use weighted barbs on these names as we only have a finite
number of actions. This way we can know if both contexts chose the same action; however, this is not
sufficient: sometimes the barbs of the other actions will be available by performing one more iteration of
the context, i.e. comparing P and Q, if the context of P choses action & and Q choses action 3, then Q
could synchronize by performing action 8 and then the context choses action o in the next iteration. This
is where weighted barbs come into play, we use them to count the number of iterations of the context
that were performed, we take a fresh name a and on the n-th iteration, the context should provide n barbs
at a.

We build a universal context E such that for any processes P,Q such that fn(P,Q) N (Xa4U{a}) =0
and {b,b | b € £n(P,Q)} C A, we have thatif P | E ~, Q | E then P ~ Q.

We define E as follow :

Main := []!f.(Testa®o.(f | p.(@|p))) Testy := X OP Ne:= [] p-@|p)

acA 1<i<k
E, = Vf,p(Main ’ Ny | 7) E =E

» f is used for the recursive calls of the context, in Main, we have a replicated input on f for
each action o € A. This means that at each recursive call, one of the actions will be chosen non
deterministically. At the beginning there is one output f to trigger the first iteration and at the end
of each execution a new output f is provided.

* p and Ny are used to know which is the current iteration, p | Ny = p | a| ... | @, the important thing

——

k times

k1 We also have that Ej, =N E} 4 for any natural

is that it has barb at a* and does not have barb at a
number k and action @ € A.

In order to prove the expected result we need to remark a few properties:

* Tux = Vf,p(Main | Testy | Ni) is the only process such that By = To i, Tok Yrys Tk UK,
Tox Y5+ and for any action B # o, Ty i Y;-

* Cox=Vf,p((Testa@ . (f | p-(@|P))) | Ni) is the only process such that Ej = CaksCox = Tok

C(x,k % Ek+1 and ka 7$ Tﬁ,k for ﬁ 7é .
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Lemma 9. The following relation is a bisimulation.

P|Ey =, Q| E;
Faxpa={(P0) |3k, N fn(PO)N(XyU{a})=0 }
A {b,b|bctn(P,Q)} CA

Proof. =, is symmetric therefore %4 x, o is symmetric.
Let (P,Q) € %ax,.a-

If PZ P, then O € A, we have that E; = Cg 4 LN Ej therefore P | Ex = P | Cqx = P’ | Ex11. We have
that P | Ey ~, Q | Ex therefore there exists Q',E such that Q | Ex = Q' | E', P | Cqx =~y Q' | E' and there

exists a trace 7 such that Q = Q' and E; L g
P | Cgy = P | Ty therefore there exists Q”,E” such that Q' | E' = Q" | E” and Q" | E" |}, Q" | E" |%,

Q" | E" yi"" and for any action B # &, Q" | E" |/, which is only possible if E” = Tg .
Similarly we obtain that E” - Tp  for some B # @, hence E’ = Cg

P | Cqy = P’ | Exyy therefore there exists Q” and E” such that Q' | Cqx = Q" | E” and P' | Exyy =~
Q" | E". We have that for all B € A, P' | Ex.1 = P' | T 41, hence with a similar reasoning as earlier we
obtain that E” = Ey 1, hence (P',Q") € Za x, .a d

It is now easy to show that ~,C J A Xy a K4 x,,a ©~, hence the following theorem :

Theorem 10. ~,C~

4 Synchronous CCS

In synchronous calculi, the definition of weighted barbs changes; rather than counting the multiplicity of
the barbs, as in Definition[d] we observe directly a natural number provided by the barb, as in Definition[5]
Therefore the calculus considered needs to be able to exchange natural numbers. Hence, the synchronous
variant of CCS we consider is Synchronous CCS with value-passing.

Compared to asynchronous CCS there are two main differences that we need to take into account in
the proof showing inclusion of weighted barbed congruence in bisimilarity:

* We need to use the synchronous version of weighted barbs, therefore the context can directly use
natural numbers in the barbs. This simplifies the context as we do not need to simulate a counter
that we increment at each iteration, we simply increment a natural number.

* The calculus uses value-passing, meaning that actions are of the form @(n),a(n). The number of
possible actions is no longer finite. We need to add a way to generate natural numbers.

4.1 Number generator

In order to generate any natural number at will, we use a replicated process that will enumerate natural
numbers and can stop at any time to return the current natural number. We will also need to check that
both instances of the context chose the same natural number in the bisimulation game, to do so we use
two fresh names a and c¢. As in asynchronous CCS, a is used to make a barb with the index of the current
iteration as weight. The name c is used to make a barb with the selected natural number as weight. We
use a return channel p to return the selected natural number.
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The process used to generate natural numbers is the following one:

e 1= gen(r). v ( B0 E ) & () @) +20)) >

After an execution of gen(n) there is a residual vg(!g(i)...). This is not an issue because vg(!g(i)...) ~
0; and we can work up-to bisimilarity.

Remark that even though we are in a synchronous setting where the choice operator can be used
with output prefixed processes, we still use the internal choice operator @, this is to allow reductions that
will discard some choices without committing to only one choice: with (i) + (a@(n) +¢(i)) we cannot
reduce to a(n) + ¢(i) which will be necessary in the proofs as it excludes all the barbs allowed by further
reductions. Hence p(i) is used in an internal choice.

4.2 Universal context

Another consequence of value-passing is that we must treat the cases of input and output differently. For
outputs, we can directly send the natural number obtained by the number generator. However, for inputs
we must first provide an input that receives any natural number, and then we compare it with the natural
number obtained by the number generator.

In order to distinguish the different actions we use two fresh names b,d. Name b is used to make a
barb weighted with an index corresponding to the name on which the action is performed. Name d is
used to distinguish between inputs and outputs; it will have weight O for inputs and 1 for outputs.

We can now construct the universal context for a set of names A and fresh names a, b, c,d:

Main := Inp |Out

Inp ;= H‘f .gen(n). p(i).x(j).ifi = jthen(Test_inp, & (f(n+1)))else0

xX€EA

Out := H'f .gen(n). p(i).x(i). (Test_out, ® (f(n+1))) Test_inp, := b(iy) +a(n) +d(0)

x€A

Test_out, := b(i,) +a(n) +d(1)

E; := vf,p(Main | f{k)) E :=E

The crucial lemma is then:
Lemma 11. The following relation is a bisimulation up-to bisimilarity.
P|E;~y Q| Ex
%=1 (P.Q)|3k, A a,b,c,d¢tn(P,0)
A fn(P,Q) CA
Thus we deduce that weighted barbed congruence is included in bisimilarity:
Theorem 12, ~,C~

The only synchronous calculi we consider, in this section and in Section[6] use value passing. How-
ever, similar ideas can be used to obtain the same results in synhronous calculi without value passing,
this is discussed in the following remark.
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Remark 13 (Synchronous calculi without value-passing). The definition we use for synchronous weighted
barbs requires that the calculus allows value-passing of natural numbers, which is not always desirable.
With synchronous calculi without value-passing, we can still use the idea of weighted barbs by con-
sidering the asynchronous definition of weighted barbs. One tricky part when doing this is that, in a
synchronous calculus, bisimilarity is not a (asynchronous) weighted barbed bisimulation: the processes
a | a and a.a are equated by bisimilarity and distinguished by weighted barbed bisimilarity. This has two
consequences, the first one is that the inclusion of bisimilarity in barbed congruence should be shown
using the usual barbed bisimilarity. In asynchronous calculi the weight of the barbs coincide with the

amount of consecutive (usual) barbs that can be performed, this means that P ||}, P Z“ if and only if

there exist P’ such that P 2 P’ and P llZ’l,P {f3- The proof of coincidence between (asynchronous)
weighted barbed congruence and barbed congruence relies on this property. The second consequence is
that this property is not true in synchronous calculi. However, as long as this property holds for the barbs
that can be performed by the process, the proof holds even if the calculus is synchronous. Therefore,
if we make sure that names used to perform weighted barbs are used in an asynchronous way, we can
use (asynchronous) weighted barbed congruence to obtain a characterisation of barbed congruence with
bisimilarity in a synchronous calculus.

S Asynchronous 7-calculus

In m-calculus, names can be communicated and therefore new free names can appear throughout the
execution of a process. As a consequence, the set of possible actions a process can perform is not fixed
but can evolve after some actions. To take this into account, we define name providers: a structure of
pool of names that a process can interrogate to obtain any name of the pool. Name providers can also
be updated to add new names to the pool of names. However, at each step, the number of possible
actions stays finite; let us consider a process P, the potential actions of P are of the form a(b),a(b) with
a,b € £n(P) or also a(c) and a(c) with a € £n(P),c ¢ £n(P). In the first two cases, providing the action
is similar to the case of asynchronous CCS as the number of possible actions is bound by the free names
of the process and do not introduce new free names. In the last two cases, reasoning up to o-conversion,
it suffices to consider one instance of such c.

Still, these new names introduced have to be considered for future actions, for example if P ﬂ P
we have fn(P’") C £n(P) U{c}.

5.1 Name providers

A name provider for a set of names A is a process Provﬁ that can be interrogated at f and will non-

deterministically return any name of A. This means that for any name a € A, Provf; MM Provj: .

We should also be able to update a name provider to add some name a ¢ A, from Provi: to Provj;U (a}'
The name provider will have the form :

Provﬁxr = H 'f(p).(pla) ®Test,)

acA

Where Test, is here so that we can distinguish which branch was selected. In order to add a name
b, we just have to add ! f(p). (p(b) @ Test,) in parallel.
In the process Test, we want to be able to test:



12 Weighted barbed congruence

1. that the selected branch is indeed the one corresponding to a;

2. in which iteration of the whole context was this branch selected. This is to remove the cases where
the context makes one more iteration to retrieve the barbs of the other tests;

3. abarb on an additional channel that will be used to distinguish multiple calls to the name provider
within the same iteration of the context.

For point (1), we associate to each name a € A a specific natural number i, in 1,...,|A | (iy # ip if
a # b) and take | A | +1 distinct names which we write 0,1,...,| A |. The idea is that an input i,(g) will
generate i, barbs on g. The definitions will have the form !i,(g). (g | iz — 1(g)) . And in order to build a
new i,, we provide a channel max that will provide i, such that i) is maximal among the current names
provided. Last, to use this construction we take a fresh name w; on which weighted barbs will be made.

For point (2), the idea will be the same as for asynchronous CCS; the name we will use to trigger the
barbs depending on the iterations is .

For point (3), we simply add an output on a channel name ¢ that the other parts of the context can
use to trigger other barbs.

We then have Test, = iy (W) DT 7.

Hence the complete name provider is :

[laea!f(p)- (Pla) & Testy)

Provl := vk | | max(k)

| li<kti(a). (@] i=1({a))

where k =| A |and k = {i | i < k}.
And, in order to add a name to a provider we use the following process :

Lf(p). (pa) & Test,)
Add_Prov, = max (k). Vig | | lia(b).(b]| k(b))
| max(ia)

This way we have Provﬁ | Add_Prov, = Provﬁu{a}.

In order to choose which action will be performed, we need to choose two names, one for the channel
used to communicate and one that will be communicated. To do so, we perform two requests to Prov/.
We need to distinguish the two choices. This will be done using a fresh name w3 and the name ¢; on the
first request, an output on g will not generate any barb at w3 and on the second request it will generate 1
barb at w3, after the request we clean up the temporary inputs at ¢ we added to perform these barbs:
f{p) B

f{p)
p)-| | g.ws
| P()-(G]ws.e)

Requ(x,y) := |

Requ(x,y) is a context where e is a hole and it binds the names x, y.

5.2 Main body

In the main body, we will have a channel g to trigger an iteration. It will start by requesting two names x,y
and perform one of these four actions : X(y),x(y),X(z),x(z) where z is a new name. We add a fresh name
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wy that will be used to distinguish among the four kinds of actions. When a new name is introduced, it
is added to the pool of names in the name provider.

In the case of an input we cannot control which name will be used in the synchronization, therefore
when receiving a name that was already free we use the match operator to create a deadlock when the
received name do not match with the name we expected to receive.

We also need to know how many iterations have already been performed (to distinguish two different
iterations). To do so we use the name r and a fresh name w, for which n barbs will be available at
iteration n. Similarly to what is done in asynchronous CCS, when starting a new iteration we provide a
new instance of r. (w3 | 7).

Main, := !g.Requ(x,y)[(Inp; @ Inp, & Outy @ Outy)] | N, N, = H r.(wz | F)

1<i<n
Inp; = x(2). [ =y (& | r- (w2 | 7)) &7)
Inpy := x(2). (8| r- (w2 | 7) | Add_Prov.) & (w4 &7))
Outy :=X(y) | (€| r. (w2 | 7)) & ((Wq | wa) &7))

Outy := vzX(z) | ((g|r.(wz | ) | Add_Prov,) ® ((wg | g | wz) ®F))

5.3 Universal context

We now have all the pieces to build the universal contexts that simulate bisimulation games. Let A a set
of names, names wy,wy,w3,ws ¢ A and a natural number k € N. We define the process.

E(k,A,W],W2,W3,W4) = Vg7f7max7p7q7r<Maink ‘ Provﬁ |§)

The idea to prove that bisimilarity contains barbed congruence is similar to the proofs in CCS :
Lemma 14. The following relation is a bisimulation.

P ‘ E(k7A7W17W27W37W4) >y Q ’ E(k7A7W17W27W37W4)
r%A,wl,wz,m,w;; = (P, Q) ’ Hk, A fn(P7 Q) CA
A wi,wa,w3,wa & £n(P,Q)

And we conclude that
Theorem 15. ~,C~

6 Synchronous 7-calculus

In this section, we show how both adaptations to synchronous calculi and to communication of names
can be combined. In synchronous r-calculus, the equivalence that coincides with bisimilarity is not
barbed congruence but barbed equivalence, therefore, instead of considering the former as in the previous
sections, we consider the latter. Most of the construction ideas can be extrapolated from the previous
sections.

In this construction, some communications do not need to communicate both a natural number and a
channel when they are irrelevant we use the placeholder _".
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Number generator The number generator can be directly translated from synchronous CCS with
value-passing to synchronous 7-calculus. We just performed some renaming, ws is the fresh name used
to make a barb the selected natural number as weight and wy is the fresh name used to check the depth
of the bisimulation game.

= lgen(n ﬁ(O,p} 7
Gen := !gen( ,P)Vh( | (i, p). (h(i+1,p) ® (p(i,_) ® (W5 (i) +Wz(n)))) )

Name providers Name providers can be simplified as we do not need to keep a server for each name
that provides the right number of barbs; the correct weighted barb is directly done in the test part. More-
over, the barb used to distinguish multiple calls to the name provider is also directly in the test, in order
to do this we need to ask the caller to provide a number proper to the call with p(j).

Provi = g f(0p) o) (o) () + 7501 +750)

Add_Prov, := max(k).  !f(n,p).p(j,_).(P(_.a)® (wilk+ 1) +wz(n) +w3(j)))
| max(k+1)

Requests For requesting the different variables of the action that will be performed, we add the call to
the number generator and adapt to the changes made in the name provider. For simplicity, we also use
that we are allowed output prefix processes to do all the calls in a sequence. This request context binds
the names x,y and the natural number i

Requ(x,y,i) := f(p).p(0,_).p(_,x). f(p).p(1,_).p(_,y).g8en(n,p). p(i,_).e

Main body In the main body, there are two main differences with the asynchronous z-calculus:

* the number of the iteration is received as a parameter, thus the main body is the same for any
iteration,

* the actions performed need to either check that the received natural number corresponds to the
generated one in the case of inputs, or send the generated natural number in the case of outputs.

Main := lg(n).Requ(x,y,i)[(Inp; ® Inp; & Out; & Out,)]
Inps = x(j,2).[z=y]ifi = jthen(g(n+ 1) ® (wz(n) + wa(0))elseO
Inps := x(j,z).ifi = jthen(g(n+ 1) | Add_Prov,) ® (w2(n) + wa(l)) elseO
Outy = x(i,y). (&(n+1) & (W2 (n) +W4(2)))

Outy := vzx(i,z). ((§(n+1) | Add_Prov,) ® (wz(n) + ws(3))
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Universal context We now have all the pieces to construct the universal context that simulates bisimu-
lation games. Let A a set of names, names wy, wy, ws, wa,ws ¢ A and a natural number k € N. We define
the process.

E(k,A,wi,wy,w3,wa,ws) := Vg, f,max,gen,p (Main | Provﬁxr | Gen | g(k))

The idea to prove that bisimilarity contains barbed congruence is similar to the previous proofs :

Lemma 16. The following relation is a bisimulation up-to bisimilarity.

p | E(kaA;W17W2)W3aW47W5) >y Q ’ E(k>A7W17W27W37W4aW5)
‘%Avwlﬁwz,wywhws = (P7 Q) | Elk? A fn(P7 Q) QA
A W1, W2, W3, W4, W5 %fn(P7Q)

And we conclude that

Theorem 17. =,C~

7 Summary of the constructions

The different constructions above include some design choices that are not always relevant. In this
section, we summarize informally the important ideas of the constructions so that one can replicate more
easily these constructions for different process calculi.

Testing An important idea of distinguishing contexts (not specific to our method) is to use barbs in or-
der to track how the context behaves, i.e., which steps were performed and which choices were made. In
our constructions, we have a test immediately after each choice; this test consists of a unique combination
of barbs :

* Each outcome of the choice should have a different barb: if the choice is between n actions, then
choosing action i could trigger a barb at a' (for some name a),

* If the same choice can occur multiple times, then they should trigger different barbs each time:
for example, each choice can trigger a barb weighted by the number of previous iterations of the
context combined with a barb weighted by the number of previous occurrences of this choice in
the current iteration.

In asynchronous calculi, in order to track the number of previous iterations of the context, one can
encode a counter that will be incremented at each iteration and such that when called it triggers a barb
with as much multiplicity as the number of previous iterations. This counter does not need to be repli-
cated as it will only be used once; and we do not need it to come from a complete encoding of the natural
numbers and of operations on natural numbers.

Number generators In process-calculi with value-passing, for example for natural numbers when
considering synchronous calculi, one usually needs to provide an infinite amount of different actions.
In this case and when it is possible for the processes to iterate over these values, the idea is to have a
process that iterates over values and returns one at random. Then, when choosing the action to consider,
one can request a value to that process and use it in the action. In our constructions, this process is an
number generator.
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Name providers In process-calculi that can exchange names, one needs a process to which names can
be requested at will. In our constructions, this process is a name provider. 1t is a structure of pool of
names such that at each request it returns a name from the pool at random. When names can be created
dynamically, one needs to be able to update name providers by adding a name to the pool.

8 Conclusion

We presented notions of weighted barbs and the behavioural equivalence weighted barbed congruence
for both asynchronous and synchronous calculi. Weighted barbs allow more distinguishing power com-
pared to regular barbs and therefore weighted barbed bisimilarity is strictly stronger than barbed bisimi-
larity. However, we show that this distinction does not lift to the contextual equivalences, and weighted
barbed congruence coincides with barbed congruence in the calculi we considered.

We used these notions to showcase a method to construct universal contexts that are able to simulate
bisimulation games and allow for proofs that weighted barbed congruence is included in bisimilarity
without needing either contexts of infinite size or restriction to image-finite processes. This method is
general enough to cover asynchronous and synchronous calculi, as well as variants of CCS and variants
of the w-calculus.
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A Labelled Transition Systems

A.1 Asynchronous CCS
In asynchronous CCS, the actions are :
o= E’a ’ T

Where @ is an output action, a an input action, and 7 a silent action. The labelled transition system for
asynchronous CCS processes is described in |1} ¢ designate the dual of an action: if ¢ =a then ¢ =a
and if @ =@ then @@ = a.

PpEP 0% Ny
aso aP%p PloSP | PSP Plo%P |0
0% 0 PP 0% 0 PP PP

o / a pr oA a o a /a¢fn(a)
P|Q—=P|Q P+Q—P P+0—0 P =P |IP vaP — vaP

Figure 1: LTS of Asynchronous CCS

A.2  Synchronous CCS with value-passing
In synchronous CCS with value-passing, the actions are :
o :=a(n)|a(n) |t

Where a(n) is an output action, a(n) an input action, and 7 a silent action. The labelled transition system
for synchronous CCS with value-passing processes is described in[2] @ designate the dual of an action:
if @ = a(n) then @ = a(n) and if @ = a(n) then @ = a(n).

PSP 0%0 Ny
_ a(n) a(n) T pf / T o pl
a(n).P —= P a(m).P —= P{n/m} PlQ—=P|Q T.P =P P|lQ—P|Q
0% 0o PP 0% 0 PP PP
o o o o a a§éfn(o¢)
PlQ=P|Q P+Q =P P+Q =0 P = PP vaP = vaP’
) G ) T n#Em
ifn=nthenPelseQ — P ifn=mthenPelseQ — Q

Figure 2: LTS of Synchronous CCS with value-passing
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A.3 Asynchronous 7-calculus

In asynchronous-7, the actions are :
o = a(b) ‘E(b) ‘a(b) ‘T

Where a(b) is an free output action, @(b) is a bound output action, a(b) an input action, and 7 a silent
action. The labelled transition system for synchronous CCS with value-passing processes is described in

Bl

alb) alb) alb) alb)

P—5P 0—5-0 P—5P 0—0
aby o ab).P XY pie/b) PlOSP (O PlOSP (O
php o™ oy PO p oy PP
PO vb(P| Q) PlOSvb(P Q) PSP PlO% PO
Q1>Ql PP QgQ’ P& p p&p
a o o o o a¢fn(ot)
PlQ=P|Q P+Q =P P+Q—(Q 'P=P|'P vaP = vaP'
PP pe P
vop 0 pr a=aP %P

Figure 3: LTS of Asynchronous 7-calculus

A.4 Synchronous 7-calculus

In asynchronous-7, the actions are :
o := a(n,b) ’E(n) (b) ’a(n,b) ‘ T

Where a(n,b) is an free output action, a(n)(b) is a bound output action, a(b) an input action, and 7
a silent action. The labelled transition system for synchronous CCS with value-passing processes is
described in[@l

B Structural congruence

Structural congruence is defined similarly for all the calculi we consider; it will only differ on the prefixes
available in the calculus.

Structural congruence, written = is the smallest equivalence relation that contains ¢-conversion, is
preserved by all operators of the calculus and satisfies the axioms in Figure 3]
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a(n,b) a(n,b)

P P 0 o
aln,b).p " p a(m,b).P " plnim,c/b) PlOSP (O
p M g b, pU o EBO) p O,y o )
PlQ5P|Q P|Q 5 vb(P'| Q) P|Q 5 vb(P'| Q)
oy 0% PP 0% 0
PSP Plo%P |0 PlOSP|Q P+Q0% P P+05% ¢
o , o , P E<”7b> P/ o /
P=P P=P ¢ £n(ct) P=P
_— ———a¢fn(a an
PS5 PP vaP % vapP' vop L0, pr la=aP% P
T T n#m
ifn=nthenPelseQ — P ifn=mthenPelseQ — Q0

Figure 4: LTS of Synchronous 7-calculus

P|Q=Q|P P|O=P P|(Q|procC)=(P|Q)|R P+Q=0+P P+0=P

a ¢ fn(Q)
P+(Q+R)=(P+Q)+R va(P|Q)=vaP|Q vavbP = vbvaP P=!P|P

Figure 5: Structural congruence
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