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Session types are a type-based approach to correct message-passing programs, where types specify
protocols for channels and type checking guarantees communication correctness. Traditional session
types express regular protocols only, which leaves out many protocols found in practice. Aiming
at overcoming this limitation, Nested Session Types (NSTs) can specify nested recursive protocols.
NSTs are known to be characterised by one-counter machines and deterministic context-free lan-
guages. In this paper, we study the expressiveness of ASP (Asynchronous Session Processes), the
process model associated with NSTs as introduced by Das et al.. We prove that ASP is Turing com-
plete by giving a correct encoding of two-counter machines into typed processes. Our encoding uses
a non-trivial state-aware representation of counters and instructions that is neatly governed by NSTs.

1 Introduction

Ensuring the correctness of the message-passing programs that underpin large-scale distributed systems
is a fascinating and pressing challenge. We are interested in compositional approaches to program verifi-
cation where types specify protocols for channels and type checking statically guarantees communication
correctness for implementations, specified as processes in some suitable formalism. In this approach,
expressiveness is a primary concern, in two ways: first, we aim for rich type systems that can express
communication structures found in real-world scenarios; second, since types soundly enforce correctness
by constraining admissible program behaviours, we would like to determine the expressiveness of the re-
sulting typed processes—which correct programs can be expressed in a typed setting and which cannot.
In this paper, we study the expressiveness of a process language with Nested Session Types (NSTs) by
Das et al. [9, 10]. NSTs are among the most expressive type systems for concurrency proposed to date.

Session types specify the order and type of messages to be exchanged on a channel [12, 13]. Tra-
ditional session types can express regular protocols, enabled by the composition of a message (input or
output) and a protocol. However, many practical protocols are not regular; examples include protocols
for the serialisation of tree-structured data and for buffered message relaying. The quest for more expres-
sive session types led to the context-free session types by Thiemann and Vasconcelos [21]. Context-free
session types support a generalised notion of protocol composition which, combined with polymorphic
recursion, enables the specification of context-free protocols. NSTs achieve high expressivity using dif-
ferent means, namely nested type constructors, which allow recursive type parameters to act like a stack.

A crucial step in laying the foundations of non-regular session types is studying what we may refer to
as their intrinsic expressiveness: the properties of these infinite structures in themselves, independent of
a target programming model. Important notions for verification (type duality, type equality, subtyping)
concern types in isolation. In this respect, the theory of context-free session types is well-developed [1, 2,
20]; for NSTs, Das et al. prove that type equality is decidable and give a sound algorithm. Gay et al. [11]
offer a unified treatment of intrinsic expressiveness results for recursive session types. They complement
the results in [9, 10] and obtain a strict hierarchy where NSTs are precisely characterised by one-counter
machines and deterministic context-free languages, with decidable type equivalence and duality.
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In this paper, we pursue a different yet complementary goal: establishing the expressiveness of the
language underlying NSTs, as introduced by Das et al. [9, 10]. We refer to this language as ASP (Asyn-
chronous Session Processes). The language implements asynchronous communication in configurations,
which contain processes; its formulation follows the Curry-Howard correspondence between intuition-
istic linear logic and session types [8]. As a result, well-typed configurations in ASP enjoy confluence
and deadlock freedom. However, the question of the expressiveness of well-typed ASP configurations
remains open. Given the context-free nature of NSTs and the decidability of their key properties, we
investigate whether the synchronisation mechanisms in ASP, together with the intrinsic expressiveness
of types, suffice to go beyond the Chomsky hierarchy and obtain Turing completeness.

Our main result is a proof that ASP is Turing complete, which we show by encoding Minsky ma-
chines. Minsky machines [18] are a Turing-complete model that consists of two counters with a finite
set of instructions; each instruction can either increment a counter, decrement it (if the counter’s cur-
rent value is not zero), or jump to a specified instruction (if the value is zero). With this minimal state
and a small set of possible instructions, Minsky machines are, arguably, a simpler source for encoding,
compared to Turing machines. Let us briefly discuss how we model Minsky machines in ASP.

Intuitively, counters can be implemented as stacks using polymorphic nested types to capture state at
the type level. Given a natural m, we define the nested type

LmM =

{
0[] if m = 0
S[Lm−1M] if m > 0

where 0 and S stand for (parametric) type definitions for zero and successor, given as follows:

0[]≜ &{incr : S[0[]],jump : 0[]} S[α]≜ &{incr : S[S[α]],decr : α}

Expressed as a branching type (&, external choice), this nested session type captures the protocol that
specifies the correct state after executing an instruction, using nested types and polymorphic recursion.
This way, e.g., 0[] admits increment and jump (but not decrement) and S[α] admits increment and decre-
ment (but not jump) by suitably modifying the nesting of the type variable α , the parameter of S. Such
counter types can then be combined on the process level (by a process that we will denote JmKr) with the
consequence that processes representing instructions are required to be state-aware: they need a sepa-
rate mechanism to keep track of the combined state of the two counters. This is where NSTs enable a
continuation of the state-aware processes, allowing transitions to be captured at the level of processes.

Overall, we believe that the encoding of Minsky machines is a significant test of the expressiveness
of the coupling of ASP and NSTs. Indeed, we achieve a pleasant design in which NSTs elegantly govern
the correct behaviours of the encodings of counters and instructions, and their interactions.

The rest of the paper is structured as follows. Section 2 recalls key background notions of ASP and
NSTs (following [9, 10]) and the definition of Minsky machines. The encoding of Minsky machines in
ASP is presented and illustrated in Section 3; its correctness is given in terms of typability (Theorem 4)
and operational correspondence (Theorems 5 and 6). Section 4 concludes the paper and discusses some
related work. The appendix provides additional technical material.

2 Background

2.1 Nested Session Types

We first present Nested Session Types (NSTs), then their associated process language, which we call
Asynchronous Session Processes (ASP), and finally we state the correctness properties ensured by typing.
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Nested Session Types NSTs extend the Curry-Howard correspondence between session types and in-
tuitionistic linear logic [8] with type variables and type definitions. There is a finite signature Σ that
collects these type definitions. The syntax and operational interpretation of types is given next.

Definition 1 (Nested Session Types, NSTs). The language of nested session types (NSTs) is defined by:

A,B,C ::= A⊗B send channel of type A, continue as B

| A ⊸ B receive channel of type A, continue as B

| ⊕{l : Al}l∈L send label k ∈ L, continue as Ak

| &{l : Al}l∈L receive label k ∈ L, continue as Ak

| 1 close channel

| α type variable

| V [θ ] defined type name (in Σ)

Type variables (denoted α,β , . . .) enable the parametrisation of types. NSTs do not make use of type
variable binders; instead, type definitions act as binders for a sequence of type variables by which they
are parameterised. Type names are defined according to a type definition, denoted V [α]≜ A, where α is
a list of distinct variables A can refer to. These definitions are stored in the signature Σ and allow nested
type construction. The type V [θ ] denotes the instantiation of a type name V , which equirecursively
unfolds into A with type parameters substituted using θ = A/α . Any type that is not a type name is
structural (e.g. V1[θ 1]⊗V2[θ 2]). Any type that is structural and not a type variable is contractive in the
type definitions. Types without free type variables are called closed types.

A key result in [10] is that type equality is decidable and has a sound algorithm. Type equality
follows the judgment

ψ;V ⊢Σ A≡ A′

where V denotes the free variables in A and A′, and ψ is a collection of closures of the form V [θ ]≡U [σ ].

The Process Language We now introduce the process language ASP. This is exactly the language
introduced by Das et al. [9, 10]. It is based on the intuitionistic variant of the Curry-Howard correspon-
dence, under an asynchronous communication discipline.

Definition 2 (Processes and Messages). Given a set of channel/names ranged over by x,y,z, . . ., the
syntax of processes and is defined by:

P,Q ::= send x y;P send channel y over x | y← recv x;P receive a channel over x

| x.li; P send label li over x | case x (li⇒ Qi)li∈L receive a label over x

| close x closed channel x | wait x;P wait for closing of x

| x← f [θ ] y;P process name f [] in Σ | x↔ y forward x along y

The syntax of messages is defined by:

M ::= send x y;x↔ x′ | x.k; x↔ x′ | close x

The syntax of processes follows the syntax of types closely. Notable is the addition of process
definitions f [θ ] as a dual of nested type construction on the type level. A definition is instantiated,
providing channel x to the continuation process P and making use of channels y. Process definitions,
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V;∆,y : A ⊢ P :: (x : B)
⊸ RV;∆ ⊢ y← recv x;P :: (x : A ⊸ B)

·;V ⊢ A≡ A′ V;∆,x : B ⊢ Q :: (z : C)
⊸ LV;∆,x : A′⊸ B,y : A ⊢ send x y;Q :: (z : C)

(∀l ∈ L) V;∆ ⊢ Pl :: (x : Al)
&RV;∆ ⊢ case x (l⇒ Pl)l∈L :: (x : &{l⇒ Al}l∈L)

(k ∈ L) V;∆ ⊢ Q :: (x : Ak)
&LV;∆,x : &{l⇒ Al}l∈L ⊢ x.k; Q :: (z : C)

y′ : B′ ⊢ f [α] = Pf :: (x′ : B) ∈ Σ ·;V ⊢ ∆′ ≡ y : B′[θ ] V;∆,x : B[θ ] ⊢ Q :: (z : C)
defV;∆,∆′ ⊢ x← f [θ ] y;Q :: (z : C)

Figure 1: Selected typing rules for ASP (Definition 3).

similar to type definitions, are defined on the global signature Σ. Messages co-exist with processes as
atomic processes to enable asynchronous message passing. They lift sending actions from their processes
such that they can be consumed by their dual. Messages preserve linearity by renaming their channel
continuation, which matches the continuation of the process producing them.
Definition 3 (Typing for Processes & Messages). Given an environment of type variables V , the typing
judgment for processes and messages is denoted

V;∆ ⊢Σ P :: (x : A)

with selected typing rules in Figure 1 (Appendix A.1 gives a full account).
Following the intuitionistic (two-sided) presentation of linear logic, duality is defined implicitly,

where a type is provided by the process over the intuitionistic channel and used by a client process over
a channel in their environment. As a consequence, there are two typing rules per typing connective.

We discuss the rules. Receiving (⊸) is implemented by the providing process by adding the channel
y to the continuation. The dual sending action by the client process removes the channel y to preserve
linearity. Furthermore, it relies on type equality on the type of channel y, such that the receiving process
can use a structurally different but equivalent type. Offering a choice (⊕{·}) is implemented as branching
on the providing process, where the client process selects the branch. Process definitions (def) require
a well-typed definition from Σ. All types use the substitution θ where, similar to sending, dependent
channels are matched using type equality to allow for better compatibility when composing processes.
Finally, the continuation process simply matches the substituted type provided by the definition.

The operational semantics of the language is defined in terms of configurations, given next.
Definition 4 (Configurations: Syntax and Typing). The syntax of configurations is defined by:

S ::= proc(x,P) | msg(x,M) | (S1,S2)
x

The typing rules are as follows:

·;∆ ⊢ P :: (x : A) proc
∆ |=Σ proc(x,P) :: (x : A)

·;∆ ⊢M :: (x : A) msg
∆ |=Σ msg(x,M) :: (x : A)

∆1 |=Σ S1 :: (x : A) x : A,∆2 |=Σ S2 :: (y : B) comp
∆1,∆2 |=Σ (S1,S2)

x :: (y : B)
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proc(y,send x w;P)−→ msg(x,send x w;x↔ x′), proc(y,P[x′/x]) (⊸ S)

proc(x,w′← recv x;Q),

msg(x,send x w;x↔ x′)−→ proc(x′,Q[x′/x,w/w′]) (⊸C)

proc(d,x.k; P)−→ msg(x,x.k; x↔ x′), proc(d,P[x′/x]) (&S)

proc(x,case x (l⇒ Ql)),

msg(x,x.k; x↔ x′)−→ proc(x′,Qk[x′/x]) (&C)

proc(z,x← f [θ ] d;Q)−→ proc(a,Pf [a/x,d/y,θ ]), proc(z,Q[a/x]) (defC)

Figure 2: Selected reduction rules for ASP (Definition 5).

Configurations lift processes and messages with only closed types to the configuration level, as pro-
tocols need to be fully executable. The typing rule for composition binds a channel provided by some
configuration S1 to some configuration S2 that uses it. This is the classical rule for composition derived
from linear logic; it defines a partial ordering of the components of the configuration, and any configu-
ration that has the same partial ordering is equivalent. We omit this presentation of composition as the
bindings in the encoding are clearly defined.

We may now define reduction on the level of configurations.

Definition 5 (Reductions). The reduction semantics for configurations is denoted −→, with selected
rules in Figure 2 (see Appendix A.2 for details).

The rules in Figure 2 illustrate the asynchronous nature of communication in ASP. Sending actions
reduce independently by producing a message; a corresponding receiving action consumes the produced
message separately. Consequently, a send action does not have to wait for the message to be consumed,
and the receiving action does not have to be ready. Messages are produced to the right if sent over the
intuitionistic channel and to the left otherwise, with renaming of channels to ensure the correct order
of consumption. This preserves linearity and ensures type preservation. Similarly, process definitions
produce a newly spawned process to the left of the continuation. Whenever the continuation Q is omitted,
forwarding is implied as a continuation of the current process, skipping the renaming.

Properties of Typed Configurations We state here some properties of well-typed configurations.
First, protocols are invariant under reduction.

Theorem 1 (Type preservation). For a well-typed configuration in ∆ |=Σ S :: (x : A):

1. If S ≡ S ′, then ∆ |=Σ S ′ :: (x : A);

2. If S −→ S ′, then ∆ |=Σ S ′ :: (x : A).

Due to the acyclic nature of composition in ASP, progress is guaranteed for internal channels. Pro-
cesses receiving, or messages over external channels, are called poised; configurations composed of only
poised components are also called poised.

Theorem 2 (Progress). For a well-typed configuration in ∆ |=Σ S :: (x : A). Either S is poised, or
S −→ S ′.
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The result follows, as no cyclic dependencies that create deadlocks can occur.
Finally, confluence emerges due to the sequential independent definitions of reductions,

Theorem 3 (Confluence). Suppose a configuration S in ASP. If S −→∗ S1 and S −→∗ S2, then there
exists S ′ such that S1 −→∗ S ′ and S2 −→∗ S ′.

The language makes no choices, meaning reductions persist until consumed. Consequently, reduc-
tions can always be applied, creating different orders of application with the same resulting process.

2.2 Minsky machines

To show Turing-completeness for ASP we need an appropriate formalism. We consider Minsky ma-
chines, which are relatively simpler than Turing machines. Minsky machines are proven to be Turing-
complete, and so any system able to simulate them is by extension Turing-complete.
Definition 6 (Minsky machines [18]). A Minsky machine M is defined as a set of instructions {(1 :
I1), ....,(n : In)}, where instructions are defined as:

I ::= INC( j) increment on counter j ∈ {0,1}
| DECJ( j,k) decrement or jump on counter j ∈ {0,1},k ∈ Z+

A Minsky machine includes a program counter p indicating the label of the instruction being exe-
cuted. The machine starts with both counters set to 0 and the program counter p set to the first instruction.
The machine stops whenever the program counter is set to a non-existent instruction, i.e., p > n.

The state of a Minsky machineM is defined as the tuple (i,m0,m1)
M, where i∈Z+ and m0,m1 ∈N.

The tuple refers to the current instruction i and the counters with values m0 and m1. The state is initialised
to zero values on the counters and instruction i as associated with the machineM.

The semantics of the machine is defined as a relation on states, denoted −→M, given next:
i : INC( j) m′j = m j +1 m′1− j = m1− j

Incr
(i,m0,m1)

M −→M (i+1,m′0,m
′
1)

M

i : DECJ( j,k) m j > 0 m′j = m j−1 m′1− j = m1− j
Decr

(i,m0,m1)
M −→M (i+1,m′0,m

′
1)

M

i : DECJ( j,k) m j = 0
Jump

(i,m0,m1)
M −→M (k,m0,m1)

M

The instructions can only manipulate the state. In case of a successful instruction i (increment or
decrement), the appropriate counter is updated, and the machine moves to the next instruction i+ 1.
Decrementing is only possible when the counter value is not zero; otherwise, the value remains un-
changed, and the machine jumps to instruction k.

3 Encoding Minsky Machines in ASP

In this section, we show how to encode the state of a Minsky machine M into ASP. The encoding
shows that ASP is Turing complete, and illustrates how NSTs can express stateful types that govern the
behaviour of the encoding at the process level. The starting point for our proposed encoding is LmM, the
interaction protocol for the representation of the natural number m, discussed in the introduction. Given
a state (i,m0,m1) of a machine M, we define a configuration in ASP denoted J(i,m0,m1)KM, whose
components are depicted in Figure 3. The correctness of our encoding follows from
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J(i,m0,m1)KM ≜ Jm0Kr0
, Jm1Kr1

, {|m0,m1|}Mt , Ji |m0,m1KMr0,r1,t

State (Definition 13) Counters (Definition 10)

Instantiation process (Definition 12)

Instruction process (Definition 11)

Figure 3: Roadmap to the encoding of Minsky machine state in ASP.

• the typability of J(i,m0,m1)KM and its components (Theorem 4) and

• operational correspondence results, which ensure that (i) every step possible from (i,m0,m1)
is correctly mimicked by J(i,m0,m1)KM (soundness, Theorem 5) and (ii) all steps arising from
J(i,m0,m1)KM correspond to steps enabled from (i,m0,m1) (completeness, Theorem 6).

We start by describing the stateful representation at the level of types, namely the one-counter types
that capture the state of the counters (Definition 7), and the instruction instantiation type, which enables
the continuation of instructions when decrementing (Definition 9). These types provide the appropriate
interfaces for typing the process representation of counters JmiKri

(with i ∈ {0,1}), the instantiation pro-
cess {|m0,m1|}Mt , and the encoding of the instruction Ji |m0,m1KMr0,r1,t ; these interfaces, in turn, are crucial
to enable the safe composition required to obtain the configuration J(i,m0,m1)KM given by Definition 13.

Given a Minsky machine M, we will define an associated signature ΣM. In giving the different
ingredients of the encoding, we will be presenting type and process definitions that we assume are present
in ΣM. In our descriptions, we shall often write ‘machine’ rather than ‘Minsky machine’.

3.1 Stateful protocols

As anticipated in the introduction, a key idea in our encoding is taking Peano’s representation of the
natural numbers as a protocol. Such protocols rely on nesting of type parameters in NSTs. We will have
two protocols, one for each counter, and so the challenge lies in coordinating their behaviour according
to the instructions of the machine.

Definition 7 (Stateful counter protocol). Given a natural number m, its associated counter type is:

LmM =

{
0[] if m = 0
S[Lm−1M] if m > 0

(1)

with type definitions in ΣM:

0[] = &{incr : S[0[]],jump : 0[]} (zero)

S[α] = &{incr : S[S[α]],decr : α} (successor)

This protocol is self-explanatory: the choices incr, jump, and decr correspond to the three possible
reduction steps for a machine (increments, decrements, jumps), while accounting for successive steps.
This is preferable to having two labels corresponding to instructions (with sub-cases for decrement-and-
jump). The nesting in types is evident, as is the fact that state does not change in the case of a jump. As
a convention, we use type variables α and β as parameters for the first and second counter, respectively.
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In principle, given an instruction i ofM, we would like to have an encoding of instructions JiKMr0,r1

with judgement
·;r0 : Lm0M,r1 : Lm1M, · · · ⊢ JiKMr0,r1

:: (x : 1)

where r0,r1 are names where the protocol counters are implemented. Clearly, we do not know the exact
type of instruction i, whether it operates on r0 or r1, or whether it may result in a jump. Our encoding
of instructions must then be state-aware. As such we define a process Ji |m0,m1KMr0,r1

, which depends
on either 0[] or S[α] on r0 and r1. The issue that arises is that the protocol becomes α in case of a
decrement, which is insufficient to capture the state of the counter. Indeed, without extra information,
the next instruction cannot be instantiated for the decrementing case, as it depends on 0[] or S[·].

To overcome this difficulty, we define an instantiation protocol for instructions, able to match α

after decrementing a counter as well as to trigger the next instruction, enabling interaction with both
counters. As we will see, a corresponding instantiation process will act as a coordinator between the
process representation of counters and instructions.

To define the instantiation protocol, we first characterise all the instructions that may occur in the
possible states ofM; this is needed to define ΣM appropriately. We use the following auxiliary notion.
Definition 8. Given a machineM, the set of accessible instructions LM is defined as

LM = {i+1 | (i : Ii) ∈M}∪{k | (i : DECJ( j,k)) ∈M}

The set LM contains indices for the instructions ofM and possible indices that lie out of bounds of
M. It is not the set of all the reachable instructions, but an over-approximation of it. It is easy to verify
that the set LM is finite, as there are only finite instructions inM.
Definition 9 (Instantiation protocol). Given m0,m1 ∈ N and a machine M, the instantiation protocol
TMLm0,m1M is given as:

TMLm0,m1M =


T 0,0[] if m0 = m1 = 0
T s,0[Lm0−1M] if m0 > 0∧m1 = 0
T 0,s[Lm1−1M] if m0 = 0∧m1 > 0
T s,s[Lm0−1M,Lm1−1M] if m0 > 0∧m1 > 0

(2)

with the following type definitions in ΣM:

T 0,0[] = &{ exp0 : T s,0[0[]], exp1 : T 0,s[0[]],

dup : T 0,0[]⊗T 0,0[], ter : 1 }
T s,0[α] = &{ ins0 : I[α,0[]],

exp0 : T s,0[S[α]], exp1 : T s,s[α,0[]],

dup : T s,0[α]⊗T s,0[α],ter : 1 }
T 0,s[β ] = &{ ins1 : I[0[],β ],

exp0 : T s,s[0[],β ],β ], exp1 : T 0,s[S[β ]],

dup : T 0,s[β ]⊗T 0,s[β ],ter : 1 }
T s,s[α,β ] = &{ ins0 : I[α,S[β ]], ins1 : I[S[α],β ],

exp0 : T s,s[S[α],β ], exp1 : T s,s[α,S[β ]],

ter : 1 }
I[α,β ] = α ⊸ β ⊸ 1 ⊸ &{i : 1}i∈LM
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In this definition, the superscript in T−,− denotes the reflection of the zero/successor state of the one-
counter types. This agnostic protocol enables the handoff of the one-counter channels to some process
abstracting the transition to jump at the process level. The choices that are associated with incrementing
and decrementing are called expansion (exp) and instantiation (ins), respectively. Expansion predicts
the next state, while instantiation simply receives the dependencies of the current instruction and the
next instruction. The choices for duplication (dup) and termination (ter) are for bookkeeping purposes
related to the decrementing tree data structure process that the protocol is implemented in.

3.2 Processes

Having presented the nested session types that govern our encoding, we turn our attention to processes.
We first give the encoding of the counter process, which closely follows the one-counter protocol; it is a
dependency of the instruction process.

Definition 10 (Encoding a counter). The encoding of a counter containing m ∈ N into a configuration S
in ASP is given as follows, using Definition 7:

JmKr =

{
proc(r,R0) if m = 0
Jm−1Kp,proc(r,R

s[Lm−1M/α]) if m > 0
(3)

with process definitions in ΣM:

· ⊢ r0[] = R0 :: (r : 0[])

p : α ⊢ rs[α] = Rs :: (r : S[α])

and the constituent process definitions:

R0 = case r (incr⇒ c← r0[];r← rs[0[]] c,

jump⇒ r← r0[] )

Rs = case r (incr⇒ c← rs[α] p;r← rs[S[α]] c,

decr⇒ p↔ r )

As mentioned before, while Jm0Kr0
uses type variable α , the definition of Jm1Kr1

uses β . Each
counter is implemented as a stack, following the protocol definition. The continuation process for each
choice reflects the construction of the continuation type. For increments, this is the re-instantiation of the
current process followed by the successor. For jumps, we only re-instantiate the zero counter process.
For decrements, the process providing α is forwarded.

We now define the encoding of instructions: it is state-aware and meant to interact with the instanti-
ation process.

Definition 11 (Instruction processes). Given some instruction i ∈ Z+ of M, the encoding of i into a
configuration S in ASP depends on the values of the counters m0,m1 ∈ N; it is given as follows, using
Definitions 7 and 9:

Ji |m0,m1KMr0,r1,t =


proc(x,P0,0

i ) if m0 = m1 = 0
proc(x,Ps,0

i [Lm0−1M/α]) if m0 > 0∧m1 = 0
proc(x,P0,s

i [Lm1−1M/β ]) if m0 = 0∧m1 > 0
proc(x,Ps,s

i [Lm0−1M/α,Lm1−1M/β ]) if m0 > 0∧m1 > 0
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P0,0
i =


r0.incr; t.exp0; x← ps,0

i+1[0[]] r0 r1 t y if i : INC(0)
r1.incr; t.exp1; x← p0,s

i+1[0[]] r0 r1 t y if i : INC(1)
r j.jump; x← p0,0

k [] r0 r1 t y if i : DECJ( j,k)
wait y;Q0,0

i if i > n

Ps,0
i =



r0.incr; t.exp0; x← ps,0
i+1[S[α]] r0 r1 t y if i : INC(0)

r1.incr; t.exp1; x← ps,s
i+1[α,0[]] r0 r1 t y if i : INC(1)

r0.decr; t.ins0; send t r0;send t r1;send t y; t.(i+1); t↔ x if i : DECJ(0,k)
r1.jump; x← ps,0

k [α] r0 r1 t y if i : DECJ(1,k)
wait y;Qs,0

i if i > n

P0,s
i =



r0.incr; t.exp0; x← ps,s
i+1[0[],β ] r0 r1 t y if i : INC(0)

r1.incr; t.exp1; x← p0,s
i+1[S[β ]] r0 r1 t y if i : INC(1)

r0.jump; x← p0,s
k [β ] r0 r1 t y if i : DECJ(0,k)

r1.decr; t.ins1; send t r0;send t r1;send t y; t.(i+1); t↔ x if i : DECJ(1,k)
wait y;Q0,s

i if i > n

Ps,s
i =


r0.incr; t.exp0; x← ps,s

i+1[S[α],β ] r0 r1 t y if i : INC(0)
r1.incr; t.exp1; x← ps,s

i+1[α,S[β ]] r0 r1 t y if i : INC(1)
r j.decr; t.insj; send t r0;send t r1;send t y; t.(i+1); t↔ x if i : DECJ( j,k)
wait y;Qs,s

i if i > n

Figure 4: Constituent processes used in the encoding of instructions (Definition 11).

with the process definitions in ΣM using Definition 8:

r0 : 0[], r1 : 0[], t : T 0,0[], y : 1 ⊢ p0,0
i∈LM

[] = P0,0
i :: (x : 1)

r0 : S[α], r1 : 0[], t : T s,0[α], y : 1 ⊢ ps,0
i∈LM

[α] = Ps,0
i :: (x : 1)

r0 : 0[], r1 : S[β ], t : T 0,s[β ], y : 1 ⊢ p0,s
i∈LM

[β ] = P0,s
i :: (x : 1)

r0 : S[α], r1 : S[β ], t : T s,s[α,β ], y : 1 ⊢ ps,s
i∈LM

[α,β ] = Ps,s
i :: (x : 1)

and the constituent process definitions are given in Figure 4.

In this definition, the subscripts r0, r1, and t in the encoding refer to the internal renaming of the
channels of the counter processes 0 and 1 and the instantiation process, in that order. Channels x and y
never reduce; hence, no renaming is necessary.

The definitions for the instruction processes deal with branching by being state-aware, which is a
consequence of the stateful protocols; an instruction must know when it can decrement or when it should
jump, and deal with the subsequent state accordingly. This highlights the need for the instantiation
protocol/process: without it, the instruction cannot move forward.

In Figure 4, the instructions are implemented by sending the appropriate label associated with the
current instruction action over the corresponding counter channel. For incrementing and jumping, it is
possible to predict the next state; hence, we can instantiate the next instruction directly; for example, in
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the encoding of increment instructions as defined in P0,0
i . Note that when incrementing, the state of the

counters is synchronised with the instantiation process, which is not necessary for jumping, as the state
remains unchanged.

The case for decrementing is slightly different after sending the label, as it is impossible to instantiate
the next instruction over a generic type variable. Instead, the current instruction hands off the dependent
processes and the next instruction index to the instantiation process, which closes the circle and allows
the definitions to be well-typed; this occurs, for example, in the encoding of decrement-jump in Ps,s

i .
Lastly, there is a special case for out-of-bounds instructions. In this case, the machine cannot reduce

further and has terminated. To simulate this, we use the external channel y, which halts further progress;
for example, in the encoding of out-of-bound i in P0,0

i . The continuation process Qi can be any process
as long as it is distinct for different i, to capture the final state for each possible value of i.

Similar to Definition 10, process definitions are added to the global environment ΣM to move to
instructions and make use of LM (Definition 8) to include the finite set of accessible instructions. Unlike
the process definitions, which are defined on LM, the encoding of an instruction is unbounded.

To continue to the next instruction after decrementing, we rely on the instantiation process, defined
next. The definitions make use of a decrementing tree data structure, as it is the most straightforward
both in implementation and in understanding the bookkeeping involved.

Definition 12 (Instantiation process). Given some m0,m1 ∈N, the instantiation process {|m0,m1|}Mt is a
configuration S in ASP defined as follows, using Definitions 7, 9 and 11:

{|m0,m1|}Mz =



proc(z,N0,0) if m0 = m1 = 0

{|0,0|}Ma , proc(z,N1,0) if m0 = 1∧m1 = 0

{|m−1,0|}Ma , proc(z,Ns,0[Lm0−2M/α]) if m0 > 1∧m1 = 0

{|0,0|}Mb , proc(z,N0,1) if m0 = 0∧m1 = 1

{|0,m1−1|}Mb , proc(z,N0,s[Lm1−2M/β ]) if m0 = 0∧m1 > 1

{|0,1|}Ma , {|1,0|}Mb , proc(z,N1,1) if m0 = m1 = 1

{|m0−1,1|}Ma , {|m0,0|}Mb , proc(z,Ns,1[Lm0−2M]/α]) if m0 > 1∧m1 = 1

{|0,m1|}Ma , {|1,m1−1|}Mb , proc(z,N1,s[Lm1−2M/β ]) if m0 = 1∧m1 > 1

{|m0−1,m1|}Ma , {|m0,m1−1|}Mb , if m0 > 1∧m1 > 1

proc(z,Ns,s[Lm0−2M/α,Lm1−2M/β ])

(4)

with the process definitions in ΣM:

·; · ⊢ t0,0[] = N0,0 :: (z : T 0,0[])

·;a : T 0,0[] ⊢ t1,0[] = N1,0 :: (z : T s,0[0[]])

α;a : T s,0[α] ⊢ ts,0[α] = Ns,0 :: (z : T s,0[S[α]])

·; b : T 0,0[] ⊢ t0,1[] = N0,1 :: (z : T 0,s[0[]])

β ; b : T 0,s[β ] ⊢ t0,s[β ] = N0,s :: (z : T 0,s[S[β ]])

·;a : T 0,s[0[]], b : T s,0[0[]] ⊢ t1,1 = N1,1 :: (z : T s,s[0[],0[]])

α;a : T s,s[α,0[]], b : T s,0[S[α]] ⊢ ts,1[α] = Ns,1 :: (z : T s,s[S[α],0[]])

β ;a : T 0,s[β ], b : T s,s[0[],S[β ]] ⊢ t1,s[β ] = N1,s :: (z : T s,s[0[],S[β ]])

α,β ;a : T s,s[α,S[β ]], b : T s,s[S[α],β ] ⊢ ts,s[α,β ] = Ns,s :: (z : T s,s[S[α],S[β ]])
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N0,0

N1,0 N0,1

Ns,0 N1,1 N0,s

Ns,1 N1,s

Ns,s

0 1

0 1 0 1

0
1 0 1 0

1

0
1 0

10,1

Figure 5: Instantiation process (Definition 12): Dependencies between constituent process definitions
indicating decrements over either the first (0) or the second (1) counter.

Figure 6 gives selected cases of the constituent processes definitions and Figure 5 presents a dependency
graph. A full account is given in Appendix B.1.

The instantiation process {|m0,m1|}Mt implements a tree-like structure where processes N−,− repre-
sent nodes. The encoding builds naturally on the one-counter protocols, creating dependencies on states
of decrements on the counters forming the tree structure, where the channels a and b denote whether the
first or second counter is decremented, respectively. The dependencies of the composition are presented
in Figure 5. Here, the superscript notation of Definition 9 is reused with the addition of 1. In the context
of the protocol, this annotation was used merely to denote state; in this definition, it is expanded to reflect
the transitions between states.

• 0 refers to a zero state without transition;

• 1 refers to the transition from a successor to a zero state;

• s refers to the transition from a successor to a successor state.

Transitions are thus implemented as a dependency on a type definition, unlike the counter, which
uses a generic type parameter for its dependency. Consequently, these processes are instantiated using
the second-order predecessor, where counters and instructions depend on the first-order predecessor.

In Figure 6 we present the most representative constituent process nodes of the instantiation process,
with the remaining nodes following similar constructions. We can differentiate nodes by the number of
decrementing dependencies in the tree: leaf nodes where both counters are zero, linear nodes with one
non-zero counter and binary nodes with both counters non-zero. We comment on some of them:

• Node N0,0 is a leaf that just captures the zero state for both counters. This node exists primarily
due to the infinite recursive nature of the one-counters and forms the starting point from which the
decrementing tree is constructed, both in the encoding and in the simulation.

• Node N1,0 is a linear node that captures the state of 1 for the first counter and the transition to 0.
All states are constant, and therefore, it uses only closed types. The non-zero state implements
instantiation to enable progress after decrement, which simply carries over the dependencies of
the previous instruction, followed by the instantiation of the next instruction as designated by the
current instruction. In case of an increment on the zero state, the node becomes binary by creating
a new branch, creating a duplicate to create the choices. Because the node represents a zero state
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N0,0 = case z (exp0⇒ c← t0,0[];z← t1,0[] c

exp1⇒ c← t0,0[];z← t0,1[] c

dup⇒ c← t0,0[];send z c;z← t0,0[]

ter⇒ close z)

N1,0 = case z (ins0⇒ r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← p0,0
i [] r0 r1 a y)i∈LM

exp0⇒ a.exp0; z← ts,0[0[]] a

exp1⇒ a.dup; b← recv a;a.exp1; b.exp0; z← t1,1[] a b

dup⇒ a.dup; a′← recv a;c← t1,0[] a;send z c;z← t1,0[] a′

ter⇒ a.1; wait a;close z)

Ns,s = case z (ins0⇒ b.ter; wait b;r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← ps,s
i [α,β ] r0 r1 a y)i∈LM

ins1⇒ a.ter; wait a;r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← ps,s
i [α,β ] r0 r1 b y)i∈LM

exp0⇒ a.exp0; b.exp0; z← ts,s[S[α],β ] a b

exp1⇒ a.exp1; b.exp1; z← ts,s[α,S[β ]] a b

ter⇒ a.ter; b.ter; wait a;wait b;close z)

Figure 6: Examples of leaf, linear and binary nodes of the instantiation process (Definition 12).

for a counter and consequently is linear, a possible parent can represent a zero state for the same
counter and be linear. Hence, it is necessary to implement duplication so the parent can introduce
new branches.

• Node Ns,s is a binary node that captures the state of incrementing state for both counters and
the transition to a successor state for both. All states are variable expressions, and therefore, it
uses open types; the process still needs to be instantiated with concrete values. For instantiation, it
makes use of termination to remove the unused branch, as residual processes need to be terminated
in ASP. Furthermore, because this is already a binary node, no new branches have to be created by
either themselves or their parents; hence no implementation of duplication.

To manage the tree, process definitions are added to the global environment ΣM. Note that Defini-
tion 12 depends on the process definitions given in Definition 11.

Figure 7 illustrates how the decrement tree branches. The root node starts by duplicating its branch
and then updating each branch using expansion to represent the different ways of decrementing. In turn,
the branch with non-zero states will do the same, while the branch with a zero state will remain linear and
forward the expansion. The expansions are terminated in the leaf node that becomes linear and creates a
new leaf node.

We are finally ready to encode the state of a machine, building upon the previous definitions.

Definition 13 (Encoding state). Using Definitions 10 to 12, the encoding of state for machine M is
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{|2,0|}Mt

{|1,0|}Ma0

{|0,0|}Ma1

exp1

{|2,1|}Mt ′

{|1,1|}Ma0

{|0,1|}Ma0
1

{|0,0|}Ma0
2

{|1,0|}Mb1

{|0,0|}Ma2
2

{|2,0|}Mb0

{|1,0|}Ma1
1

{|0,0|}Ma1
2

Figure 7: Example of branching of a linear node in Definition 12.

Counter Process 0 Instruction Process Instantiation Process

Jm0Kr0

Jm0 +1Kr′0

Ji |m0,m1KMr0,r1,t

Ji+1 |m0 +1,m1KMr′0,r1,t ′

{|m0,m1|}Mt

{|m0 +1,m1|}Mt ′

incr

exp0

Figure 8: An increment on counter 0.

defined as:

J(i,m0,m1)KM = Jm0Kr0
,Jm1Kr1

,{|m0,m1|}Mt ,Ji |m0,m1KMr0,r1,t (5)

We use sequence diagrams to explain the encoding of the three possible steps of a machine.

1. Figure 8 shows how an incrementing reduction is mimicked. In the encoding, each process is
able to predict the next state. Consequently, the instruction process simply sends the instruction
to the counter (as denoted by the arrow with label incr) and then synchronises that change to
the instantiation process (as denoted by the arrow with label exp0). Then, each process can move
such that it matches the next state of the encoding. However, due to the concurrent, asynchronous
nature of ASP, some processes (in particular the instruction process) can move ahead. Due to
the properties of ASP, like type preservation, lagging processes are able to catch up without side
effects, which only means that the encoding simply skipped a step but is still consistent.

2. Figure 9a shows the representation of a decrement. Unlike incrementing, the instruction process
is not able to predict the next concrete state; it relies on the instantiation process to move to the
next instruction. This is highlighted by the sending of the dependencies, followed by the forward,
where the root node takes the place of the current instruction. Furthermore, a branch is promoted
to become the new root node. Unlike incrementing, the instruction process has to wait for the
instantiation process to catch up before it can proceed to instantiate the next instruction.

3. Finally, Figure 9b shows how we mimic jumping. Similar to the incrementing instruction, each
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Counter Process 0 Instruction Process Instantiation Process

Jm0Kr0

Jm0−1Kr′0

Ji |m0,m1KMr0,r1,t

Ji+1 |m0−1,m1KMr′0,r1,t ′

{|m0,m1|}Mt

{|m0−1,m1|}Mt ′

decr

ins0

r0

r1

y

(i+1)

forward

(a) A decrement: Counter 0 has value m0 > 0.

Counter Process 0 Instruction Process Instantiation Process

J0Kr0

J0Kr′0

Ji |0,m1KMr0,r1,t

Jk |0,m1KMr′0,r1,t

{|0,m1|}Mt
jump

(b) A jump: Counter 0 has value m0 = 0.

Figure 9: Encoding of a decrement-and-jump i : DECJ(0,k) on counter 0, as sequence diagrams.

process can predict the next state; in this case, however, the state does not change. Instead, the
instruction is simply sent, and afterwards we move to the next instruction k.

3.3 Correctness

Before illustrating our encoding (which we do in Section 3.4), we address its correctness. The first step
is to prove that the encoding is well-typed in ASP; hence, it inherits type preservation, progress, and
confluence.

Theorem 4 (Typability). Given any state (i,m0,m1)
M we have:

• · |=ΣM JmiKr :: (r : LmiM) (for i ∈ {0,1}; cf. Definitions 7 and 10);

• · |=ΣM {|m0,m1|}Mt :: (t : TMLm0,m1M) (cf. Definitions 9 and 12);

• r0 : Lm0M,r1 : Lm1M, t : TMLm0,m1M,y : 1 |=ΣM Ji |m0,m1KMr0,r1,t :: (x : 1) (cf Definition 11).

Hence, by Definition 13:
y : 1 |=ΣM J(i,m0,m1)KM :: (x : 1).

Well-typedness of the encoding ensures not only that the properties of ASP hold, but also that the
encoding follows the protocols for the individual components, as correctness is partially captured on the
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level of types. Theorem 4 is proved by induction on the value of the counter and case analysis on the
instruction; see [22] for the full typing derivations.

After establishing typability, the second step is to prove correspondence on the level of reductions.
To prove such operational correspondence, we show that the semantics of the two-counter machine are
simulated correctly (soundness) and that the encoding does not introduce any side effects (completeness).

Theorem 5 (Soundness). Let (i,m0,m1) be a state for a machineM. If (i,m0,m1)−→M (i′,m′0,m
′
1), then

J(i,m0,m1)KM −→+ J(i′,m′0,m
′
1)K

M.

The proof of Theorem 5 follows largely from the construction of the stateful session types, which
capture the semantics with regard to transitions of state for different instructions. As the encoding is
well-typed (Theorem 4) as long as the correct instruction is sent in correspondence with the current state
i, the encoding behaves the same as the machine concerning soundness.

This leaves the validation of the correct instruction being executed. This is relatively easy to verify, as
in the encoding, each instruction is prefixed with the sending of a correct label over the correct channel,
with no further interaction between the instruction and counter process until the next instruction. The
correctness of the next instruction follows in cases of incrementing and jumping, as the next instruction
is immediately instantiated. The case of decrementing is different, as it makes use of the instantiation
process; however, as such an instruction sends the label for the next instruction and the instantiation
process takes this label to instantiate the correct next instruction, it is clear that, from this perspective,
the encoding behaves correctly.

Because the encoding is well-typed, progress is guaranteed except over channel y, which is there to
simulate termination for out-of-bound instructions.

The proof can be further reinforced by the sequence diagrams Figures 9a to 9b. Here, it is possible to
directly choose the reductions that lead to the next state of an encoding such that it matches the reduction
of the two-counter machine in one step.

Theorem 6 (Completeness). Suppose J(i,m0,m1)KM −→+ S where S is a configuration in ASP. Then
there exists (i′,m′0,m

′
1) such that S −→+ J(i′,m′0,m

′
1)K

M and (i,m0,m1)−→+
M (i′,m′0,m

′
1).

The proof of Theorem 6 follows the same structure as the proof of soundness (Theorem 5), using the
fact that ASP is confluent. Essentially, if a translation of the machine state reduces to some configuration
S , then S can further reduce to a translation of another machine state. This follows from reordering of
the reductions as a consequence of confluence and soundness.

As mentioned in the discussion of the sequence diagrams, it is entirely possible for a process like
that of the instruction to move ahead without waiting for the counter to match the encoding first. In the
context of ASP each of these reductions can always be applied at a later state to match the encoding; at
no point can other processes influence the reduction to the next state for such a process. Hence, again,
this is simply a reordering of the order of reductions that was found in the proof of soundness.

3.4 Examples

To illustrate the Soundness and Completeness theorems, and to discuss the behaviour of the encoding,
we consider the translation of a simple machineM:

{(1 : INC(1)),(2 : INC(0)),(3 : DECJ(1,2))}.

Depending on the starting instruction,M can exhibit both terminating and non-terminating behaviour:

• Terminating: (1,0,0)−→M (2,0,1)−→M (3,1,1)−→M (4,1,0) ̸−→M
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• Non-terminating: (2,0,0)−→M (3,1,0)−→M (2,1,0)−→M · · ·
The first example terminates because of the initial increment, which allows the decrement instruction to
succeed and move out-of-bounds. In the second example, this initial increment is skipped, and as a con-
sequence, the decrement fails and jumps back to the initial instruction, allowing it to loop continuously.

Using the sequence diagrams for each step in the machine (Figures 8 and 9), a set of reductions in
the encoding can be composed such that it leads to the encoded next state, which coincides with the
property of soundness. The difference between the two examples is that the terminating state makes use
of the instantiation process to move to the next instruction. The non-terminating state makes no use of
the instantiation process as the decrementing fails, and the state does not change.

Because of the asynchronous nature of ASP, the instruction process in the encoding can move inde-
pendently from the other processes until it requires something of them in case of decrements. This can
be illustrated by looking at the terminating example:

J(1,0,0)KM −→+ J0Kr0
, msg(r′0,r0.incr; r′0↔ r0),

J0Kr1
, msg(r′1,r1.incr; r′1↔ r1),

{|0,0|}Mt , msg(t ′, t.exp1; t ′↔ t), msg(t2, t1.exp0; t2↔ t1), J3 |1,1KMr′0,r′1,t2

where −→+ denotes to the transitive closure of −→. Here, the encoding of the instruction is already at
the state (3,1,1). At this point, the consumption of all messages would allow the encoding to match for
all other processes. However, there is nothing preventing the process from not doing so, except when the
instruction reduces further.

J3 |1,1KMr′0,r′1,t2 −→+ msg(r′′0 ,r
′
0.decr; r′′0 ↔ r′0), msg(t

3, t2.ins0; t3↔ t2), · · · , msg(x, t.4; x↔ t)

Because the protocol allows for a successful decrement, the current instruction hands over to the
instruction process, as that process is aware of the state after decrementing the counter; this is done by
sending the dependencies, the label for the next instruction and the channel that the instruction process
offers. The only reductions possible are those of the consumption of messages, in particular those of the
instantiation process, as they construct the next instruction.

−→+ {|1,1|}Mt2 ,msg(t3, t2.ins0; t3↔ t2), · · · , msg(x, t.4; x↔ t)

= {|0,1|}Mt0 , {|1,0|}Mt1 , proc(t2,N1,1), msg(t3, t2.ins0; t3↔ t2), · · · , msg(x, t.4; x↔ t)

−→+ {|0,1|}Mt0 , J4 |0,1KMr′′0 ,r′1,t0
When we skip ahead of the instantiation (for branching see Figure 7), then what is left is that, for

the process to terminate, the branch 1,0 and instantiate the next instruction using the branch 0,1 and the
dependencies of the previous instruction.

In this case, instruction 4 is out-of-bounds: the instruction process becomes poised over channel y;
when the reductions of the counters take place, the encoding matches the state (4,0,1).

In the case of non-termination, this final synchronisation never happens; moreover, it never decre-
ments, and so the instruction never makes use of the instantiation process. This means that increment and
jump messages to the counter and the expand messages to the instantiation process just queue up. But at
any point, they can be consumed such that the encoding can match the state of the simulated machine.

Notable in this example is that instructions never require anything from the counter and merely
update their state. While at the process level the counters serve little function, their use comes from the
session types they implement, enforcing the correct behaviour of processes using them. They essentially
represent the possible reductions with state transitions independent of the definition of the instructions.
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4 Concluding Remarks

In this paper, we have considered the expressiveness of ASP, the asynchronous process language asso-
ciated with the Nested Session Types by Das et al.. Starting from an intuitive encoding of numbers that
naturally leverages nested types that implement Peano’s representation of the naturals (Definition 7), we
encoded Minsky machines by developing instruction processes that are state-aware in order to precisely
and correctly enact decrement-and-jump instructions. The correctness properties of our encoding are
given in terms of typability (Theorem 4) and operational correspondence (soundness and completeness
guarantees, cf. Theorems 5 and 6). Combined, these results entail that the coupling of ASP and NSTs is
Turing complete. In future work, we would like to explore connections between ASP (and NSTs) with
other typed languages with logical foundations, such as CLASS [19, 7], which features both polymor-
phism and state.

Related Work Closely related work has been discussed in the introduction; here we comment on other
relevant literature. Minsky machines are a convenient model for proving the Turing completeness of
models of concurrency. They were used, for instance, by Busi et al. [4, 5, 6] to compare different forms
of infinite behaviour in CCS and by Lanese et al. [16, 17] to establish the expressiveness of higher-order
process calculi. In both cases, the calculi are untyped. In typed process calculi, the situation is different,
as types enforce correctness by considerably narrowing down the kind of (non-terminating) behaviours
that well-typed processes can express. We are not aware of other typed encodings of Minsky machines.

In linearly-typed calculi, the limited flexibility is even more prominent, as linearity induces properties
such as confluence and deadlock freedom. This is the case for typed frameworks derived from the Curry-
Howard correspondence between session types and linear logic [8], which are strongly normalising.
In this respect, the work of Balzer et al. [3] is related: they consider a session-typed π-calculus with
manifest sharing, and show that adding recursive shared types to an otherwise linearly-typed language
suffices to correctly encode the untyped, asynchronous π-calculus.

Also in the typed setting, Kouzapas et al. [14, 15] obtain a series of relative expressiveness results
concerning first- and higher-order π-calculi with session types (not based on linear logic). They discover
that non-tail recursive types are essential to encode a name-passing calculus into a higher-order calcu-
lus. From this perspective, advanced type disciplines such as NSTs bring substantial expressive power,
beyond usual recursive types [11]; still, it is interesting to note that correctly encoding Minsky machines
is not trivial, even when counting with the power of (nested) recursion and polymorphism in types.
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A Additional Material for Section 2

A.1 Type rules ASP (Definition 3)

Type rules for processes P:

(k ∈ L) V;∆ ⊢ P :: (x : Ak) ⊕RV;∆ ⊢ x.k; P :: (x :⊕{l⇒ Al}l∈L)

(∀l ∈ L) V;∆,x : Al ⊢ Ql :: (z : C)
⊕LV;∆,x :⊕{l : Al}l∈L ⊢ case x (l⇒ Ql)l∈L :: (z : C)

(∀l ∈ L) V;∆ ⊢ Pl :: (x : Al)
&RV;∆ ⊢ case x (l⇒ Ql)l∈L :: (x : &{l⇒ Al}l∈L)

(k ∈ L) V;∆ ⊢ P :: (x : Ak)
&LV;∆,x : &{l⇒ Al}l∈L ⊢ x.k; Q :: (z : C)

·;V ⊢ A≡ A′ V;∆ ⊢ P :: (x : B)
⊗RV;∆,y : A ⊢ send x y;P :: (x : A′⊗B)

V;∆,y : A,x : B ⊢ Q :: (z : C)
⊗LV;∆,x : A⊗B ⊢ y← recv x;Q :: (z : C)

V;∆,y : A ⊢ P :: (x : B)
⊸RV;∆ ⊢ y← recv x;P :: (x : A ⊸ B)

·;V ⊢ A≡ A′ V;∆,x : B ⊢ Q :: (z : C)
⊸LV;∆,x : A′⊸ B,y : A ⊢ send x y;Q :: (z : C)

1R·; · ⊢ close x :: (x : 1)

V;∆ ⊢ Q :: (z : C)
1LV;∆,x : 1 ⊢ wait x;Q :: (z : C)

·;V ⊢ A≡ A′
idV;y : A ⊢ x↔ y :: (x : A′)

y′ : B′ ⊢ f [α] = Pf :: (x′ : B) ∈ Σ ·;V ⊢ ∆′ ≡ y : B′[θ ] V;∆,x : B[θ ] ⊢ Q :: (z : C)
defV;∆,∆′ ⊢ x← f [θ ] y;Q :: (z : C)

Type rules for messages M:

(k ∈ L)
⊕M·;x′ : Ak ⊢ x.k; x↔ x′ :: (x :⊕{l : Al}l∈L)

(k ∈ L)
&M·;x : &{l : Al}l∈L ⊢ x.k; x′↔ x :: (x′ : Ak)

·; · ⊢ A≡ A′ ⊗M·;y : A,x′ : B ⊢ send x y;x↔ x′ :: (x : A′⊗B)

·; · ⊢ A≡ A′
⊸M·;x : A′⊸ B,y : A ⊢ send x y;x′↔ x :: (x′ : B)

1M·; · ⊢ close x :: (x : 1)

A.2 Reduction rules for ASP (Definition 5)

proc(x,x.k; P)−→ proc(x′,P[x′/x]),msg(x,x.k; x↔ x′) (⊕S)

msg(x,x.k; x↔ x′),proc(y,case x (l⇒ Ql))−→ proc(y,Qk[x′/x]) (⊕C)

proc(d,x.k; P)−→ msg(x,x.k; x↔ x′),proc(d,P[x′/x]) (&S)

proc(x,case x (l⇒ Ql)),msg(x,x.k; x↔ x′)−→ proc(x′,Qk[x′/x]) (&C)
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proc(x,send x w;P)−→ proc(x′,P[x′/x]),msg(x,send x w;x↔ x′) (⊗S)

msg(x,send x w;x↔ x′),proc(y,w′← recv x;Q)−→ proc(y,Q[x′/x,w/w′]) (⊗C)

proc(y,send x w;P)−→ msg(x,send x w;x↔ x′),proc(y,P[x′/x]) (⊸ S)

proc(x,w′← recv x;Q),msg(x,send x w;x↔ x′)−→ proc(x′,Q[x′/x,w/w′]) (⊸C)

proc(x,close x)−→ msg(x,close x) (1S)

msg(x,close x),proc(y,wait x;P)−→ proc(y,P) (1C)

msg(d,M),proc(c,c↔ d)−→ msg(c,M[c/d]) (id+C)

proc(c,c↔ d),msg(e,Mc)−→ msg(e,Mc[d/c]) (id−C)

proc(d,Q),proc(c,c↔ d)−→ proc(c,Q[c/d]) (id+S)

proc(c,c↔ d),proc(e,Qc)−→ proc(e,Qc[d/c]) (id−S)

proc(z,x← f [θ ] d;Q)−→ proc(a,Pf [a/x,d/y,θ ]),proc(z,Q[a/x]) (defC)

B Additional Material for Section 3

B.1 Constituent process definitions (Definition 12)

N0,0 = case z (exp0⇒ c← t0,0[];z← t1,0[] c

exp1⇒ c← t0,0[];z← t0,1[] c

dup⇒ c← t0,0[];send z c;z← t0,0[]

ter⇒ close z)

N1,0 = case z (ins0⇒ r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← p0,0
i [] r0 r1 a y)i∈LM

exp0⇒ a.exp0; z← ts,0[0[]] a

exp1⇒ a.dup; b← recv a;a.exp1; b.exp0; z← t1,1[] a b

dup⇒ a.dup; a′← recv a;c← t1,0[] a;send z c;z← t1,0[] a′

ter⇒ a.1; wait a;close z)

Ns,0 = case z (ins0⇒ r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← ps,0
i [α] r0 r1 a y)i∈LM

exp0⇒ a.exp0; z← ts,0[S[α]] a

exp1⇒ a.dup; b← recv a;a.exp1; b.exp0; z← ts,1[α] a b

dup⇒ a.dup; b← recv a;c← ts,0[α] a;send z c;z← ts,0[α] b

ter⇒ a.ter; wait a;close z)
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N0,1 = case z (ins1⇒ r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← p0,0
i [] r0 r1 b y)i∈LM

exp0⇒ b.dup; a← recv b;a.exp1; b.exp0; z← t1,1[] a b

exp1⇒ b.exp1; z← t0,s[0[]] b

dup⇒ a.dup; a′← recv a;c← t0,1[] a;send z c;z← t0,1[] a′

ter⇒ b.1; wait b;close z)

N0,s = case z (ins1⇒ r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← ps,0
i [α] r0 r1 a y)i∈LM

exp0⇒ b.dup; a← recv b;b.exp1; a.exp0; z← t1,s[β ] b a

exp1⇒ b.exp1; z← t0,s[S[β ]] a

dup⇒ b.dup; a← recv b;c← t0,s[β ] b;send z c;z← t0,s[β ] a

ter⇒ b.ter; wait b;close z)

N1,1 = case z (ins0⇒ b.ter; wait b;r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← p0,s
i [α] r0 r1 a y)i∈LM

ins1⇒ a.ter; wait a;r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← ps,0
i [α] r0 r1 b y)i∈LM

exp0⇒ a.exp0; b.exp0; z← ts,1[0[]] a b

exp1⇒ a.exp1; b.exp1; z← t1,s[0[]] a b

ter⇒ a.ter; b.ter; wait a;wait b;close z)

Ns,1 = case z (ins0⇒ b.ter; wait b;r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← ps,s
i [α] r0 r1 a y)i∈LM

ins1⇒ a.ter; wait a;r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← ps,0
i [α] r0 r1 b y)i∈LM

exp0⇒ a.exp0; b.exp0; z← ts,1[S[α]] a b

exp1⇒ a.exp1; b.exp1; z← ts,s[α,0[]] a b

ter⇒ a.ter; b.ter; wait a;wait b;close z)

N1,s = case z (ins0⇒ b.ter; wait b;r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← p0,s
i [β ] r0 r1 a y)i∈LM

ins1⇒ a.ter; wait a;r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← ps,s
i [β ] r0 r1 b y)i∈LM

exp0⇒ a.exp0; b.exp0; z← ts,s[0[],β ] a b

exp1⇒ a.exp1; b.exp1; z← t1,s[S[β ]] a b

ter⇒ a.ter; b.ter; wait a;wait b;close z)
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Ns,s = case z (ins0⇒ b.ter; wait b;r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← ps,s
i [α,β ] r0 r1 a y)i∈LM

ins1⇒ a.ter; wait a;r0← recv z;r1← recv z;y← recv z;

case z (i⇒ z← ps,s
i [α,β ] r0 r1 b y)i∈LM

exp0⇒ a.exp0; b.exp0; z← ts,s[S[α],β ] a b

exp1⇒ a.exp1; b.exp1; z← ts,s[α,S[β ]] a b

ter⇒ a.ter; b.ter; wait a;wait b;close z)
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